QUANTUM g^, INFINITE g-SCHUR ALGEBRAS AND THEIR 

REPRESENTATIONS 

JIE DU AND QIANG FU 

Abstract. In this paper, we investigate the structure and representations of the quantum group 
U(oo) = Uufgl^). We will present a realization for U(oo), following Beilinson-Lusztig-MacPherson 
(BLM) 1 , and show that the natural algebra homomorphism ( r from U(oo) to the infinite g-Schur 
algebra 5(oo,r) is not surjective for any r ^ 1. We will give a BLM type realization for the image 
U(oo,r) := £ r (U(oo)) and discuss its presentation in terms of generators and relations. We further 

construct a certain completion algebra /C^oo) so that £ r can be extended to an algebra epimorphism 

C, r : /C (oo) — > S(oo,r). Finally we will investigate the representation theory of U(oo), especially 
the polynomial representations of U(oo). 



Dedicated to Professor Leonard L. Scott on the occasion of his 65th birthday 

1. Introduction 

The Lie algebra gL^ of infinite matrices and its extension are interesting topics in the theory 
of infinite dimensional Lie algebras. Certain highest weight representations of these algebras have 
important applications in finding solutions of a large class of nonlinear equations (see, e.g., [3]) 
and in the representations theories of Heisenberg algebras, the Virasoro algebra and other Kac- 
Moody algebras (see, e.g., [T71 [181 113 HH])- The quantum versions of the corresponding universal 
enveloping algebras have also been studied in [201 EH1 ED]- It should be noted that the structure 
and representations of quantum qI^ have various connections with the study of Lie super algebras 
Ql(m\n) (see, e.g., [2]) and the study of quantum affine gi n (see [HI §6] and [261 §2])- 

In this paper, we will investigate the quantum group U(oo) = U 1 ,(g[ 00 ) and its representations 
through a series of its quotient algebras U(oo,r) and the infinite quantum Schur algebras S(oo,r). 
The main idea is to extend the approach developed in pj for quantum qI h to quantum gl^. Thus, 
we obtain a realization for U(oo) and an explicit description of the algebra homomorphism ( r : 
U(oo) — > U(oo,r). This in turn gives rise to a presentation and various useful bases for U(oo,r). 
We will also prove that U(oo, r) is a proper subalgebra of S(oo, r). This fact shows that the classical 
Schur-Weyl duality fails in this case. Finally, we investigate the 'polynomial' representation theory 
and classify all irreducible polynomial representations for U(oo). We expect that this work will 
have further applications to quantum affine g[ n . 

We organize the paper as follows. We start in §1 with a general construction of two completion 
algebras A and Jv for certain algebras A. We recall the definition of quantum gL and g-Schur 
algebras S(r/, r) at any consecutive segment rj of Z in §2. In §3, we use the 77-step flag variety to 
define the algebra tC{n, r) and discuss its stabilization property and triangular relations developed 
in [1] in a context suitable for infinite rj. From §4 onwards, we will focus on the infinite case rj = 7L. 
First, the stabilization property allows us to define an algebra /C(oo) over Q(v) whose completion 
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JC(oo) contains a subalgebra V(oo) which is isomorphic to U(oo). Second, there is a algebra 
homomorphism £ r : V(oo) — > /C(oo,r) with image V(oo,r). The elementary structure of V(oo,r) 
is investigated in §5, and a presentation for V(oo, r) will be given in §6. In §7, we will establish 

isomorphisms «S(oo,r) = /C (oo,r) and between V(oo,r) and the homomorphic image U(oo,r) of 
the natural homomorphism £ r : U(oo) — > S(oo,r). Thus, we conclude that £ r is not surjective 
for any r ^ 1. In §8, by identifying /C(oo) with the modified quantum group U(oo), we derive an 
algebra epimorphism ( r : 7C(oo) — > /C(oo,r) and hence, extend the map £ r to an epimorphism from 

7C (oo) to <S(oo,r). In the last three sections, we investigate the representation theory of U(oo). 
The highest weight representations of U(oo) is studied in §9, and the polynomial representations 
of U(oo) is in §11 as an application of the representation theory of «S(oo,r) investigated in §10. 

Throughout the paper, we will encounter several (associative) algebras A over a commutative 
ring 1Z without the identity element, but with many orthogonal idempotents ej, i £ L, such that 
A = ^ie-iAey and, for all i, i! £ /, eiAev are free over 1Z. Clearly, the index set I must be an 
infinite set, since if I was a finite set, then Yln=i would be the identity element of A. 

Choose an 7£-basis B = {aj}j £ j such that eiBe^ = {ejOj-ej'} je j\{0} is a basis for eiAe^ for all 
i,i' £ I, and B = Ui^eiBei/. We further assume that ei £ B for all i £ I. It is clear that, for any 
j £ J, there exist unique G / such that e i aj = dj and a^e , = aj. We will write ro(j) := ij 

and co(j') := i'j for all j £ J- 

For a formal infinite linear combination / = Xljgj fi a i W1 th fj £ 7Z, let, for any i £ I, 

J(ei, f) ■= {j G J | fj / 0, fHQj = aj} = {j £ J | fj ^ 0, ro(j) = i}, 
^(/, ej) := {j £ J | fj / 0, aj-e, = aj} = {j £ J \ fj ^ 0, co(j) = i}. 

Lemma 1.1. Let £ be the se£] of formal (possibly infinite) linear combinations of B, and let 

:={/€£ | VieI,|J(ei,/)|<oo} 

^ :={/€£ | Vi G/,|J(/, ei )| <oo} 

.4: = {/ £ £ | Vi,*' G /, |J( ei ,/)| < oo, | e^)l < °°} =Mn^. 

W^e define the product of two elements ^2 sGj / s a s , Yl,t&j 9t a t ^ n (resp., *A) to be Y^ s t G j fs9t a s a t 
where a s at is the product in A. Then t4 and A^ become associative algebras with identity 1 = 
Siei" e * anc ^ ^ ^ s a subalgebra with the same identity. 

The algebras t4, and „4 are called the completion algebras of A. 

Proof. We need to prove that the multiplication is well-defined. Let / = X^sg j fs&s,g = YlteJ 9t a t S 
.A'. If s,i G J is such that co(s) ^ ro{t) then a s aj = a s e co ^e ro ^at = 0. Hence, we have 

fg=^2fsgta s a t = ^2xi, where x; = ^ ^ f s gta s a t . 

s,teJ iei ts- 7 »6J 

co(t) = i co(s) — ro(t) 

Since a s aj G .A and the set {(s, t) \ f s g t ^ 0, s, i G J, co(s) = ro(t),co(t) = i} is finite, it follows that 
Xi £ A. Write Xi = ^ jej fyj.iOj (all hj t i = except for finitely many j's), and put (fg)j = ^j,coG)> 

_ co(j)=i 

then = Eig/^i = T,jeAfs)j a j- Clearly, for each i G I, the set { j G J | {fg)j / 0,co(j) = i} is 



We may identify the set £ with the direct product ITjgj T^- a j- 
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finite. Hence, fg G JV and so the multiplication is well-defined. It is clear that this multiplication 
defines an associative algebra structure on A* . 

Similarly, we can show that tA is also an associative algebra. The last assertion is clear. □ 

Note that, if A admits an algebra antiautomorphism / satisfying f(ei) = for all % G I, then 
t4 = (A^) op , the algebras with the same underlying space as A* but opposite multiplication. 

Some notations and conventions. A consecutive segment rj of Z is either a finite interval of 
the form [m,n] := {i G Z | m ^ i ^ n} or an infinite interval of the from (— oo,m], [n, +00) and 
(—00, 00) = Z, where m, n G Z. Let 

_i J r]\{r] max }, if there is a maximal element r/ max in 77; 
^ I 77, otherwise. 



Let M T; (Z) (resp. Z^) be the set of all matrices (a>i,j)i,jen ( res P- an sequences (<ii)ien) over Z 
with finite support. Thus, M„(Z) (resp., Z* 7 ) can be viewed as a free module over Z and contains 
the subset M r) (N) (resp., N T '). We will always abbreviate the sub-/supscript 77 by n if 77 = [l,n], 
and by 00 if rj = (— 00,00). Thus, Moo(Z) = M/^^^Z) consists of all Z x Z-matrices over Z of 
finite support. 

For later use in §§9-11, let X{jj) = Y\ ierj T (a direct product of \r)\ copies Z). Clearly, Z°° is a 
subset of X(oo), and ^(77) = TP if and only if rj is finite. 

Let £(77) = {(oij) G M^(Z) I ojj ^ Vi / j} and let £(77) = M„(N) := {(a^) G M V (Z) \ aij > 0}. 
For any A = (a^) G £(77) (resp. j = (jj) G N 7 '), let a(A) = a ij (resp., cr(j) = EjJi)- We also 
set £(77, r) = {A £ £(77) | cr(A) = r} for any r ^ 0. 

Let H ± (t?) be the set of all A G £(77) whose diagonal entries are zero. Let £ + (r7) (resp., E~(rj)) 
be the subset of £(77) consisting of those matrices (a^) with = for all i ^ j (resp., i ^ j). Let 
H°(77) (resp., £ (rj)) denotes the subset of diagonal matrices in £(77) (resp., £(77)). For A G £(77), 
write A = A + + A + A~ = A ± + A with A + G £+(77), A~ G £"(77), A G E°(ij) and A ± = 
A + + A~ G £ ± (7?). For A G £(77) let 

(1-1.1) deg(A) = £ |j - i\ aij . 

If 77 C 77', there is natural embedding from M V (Z) to M r? /(Z), sending A G M r? (Z) to A^' = Af'e 
M r? /(Z) obtained by adding 0's at the (i, j) positions for all (i, j) with either z G 77^77 or j G 77^77. 
We call A 11 the extension of A by zeros. For notational simplicity, we often identify AP as A and 
write ^4 G M^/(Z). Thus, it is convenient to regard any M r? (Z) as a subset of M„/(Z) whenever 
77 C 77'. In particular, every M„(Z) can be regarded as a subset of M 0O (Z). With this convention, we 
have £(00) = U n ^ S([-n,n]), £(00) = U n ^ Z([-n,n]) and £(00, r) = l> n ^ Z([-n, n], r). Similarly, 
there is natural restriction from M^/(Z) to M,,(Z), sending f? G M^/(Z) to i?^ = -Bj^G M r; (Z) 
obtained by deleting all rows and columns labelled by elements in 77^77. We will simply write 
B G M„(Z) if 5 = 51^ ■ 

We will adopt similar conventions for the sets Z v . 

2. Quantum gl v and q-Schur algebras at 77 

In order to give a unified definition for both quantum g[ n and quantum gl^, we introduce qL 
for any consecutive segment 77 of Z. 
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Definition 2.1. The quantum gL over Q(v) is the Q(f)-algebra U(^) := U„(gL) presented by 



generators 



Ei, Fi 



(i G f]^), Kj, Kj 1 



and relations 

(a) KiKj = KjKi, KiKr 1 = 1; 



(6) TQT^ = tA^-^+^-TQ; 

(c) KjFj r'* d •!■)!< r- 

(d) EiEj = EjE h FiFj = FjFi when \i 

(e) EiFj - FjEi = St 
(/) E}E 3 



K Z -KJ 



j\ > i; 



■■j^x- v - v -i , where K { = KiK i+1 ; 
^ , - (v + v~ x )EiEjEi + EjEf = when \i - j\ = 1; 
(5) if Fj- - (u + v-^FiFjFi + = w/ien |t - j'| = 1. 

The algebra U(t/) is a Hopf algebra with comultiplication A defined on generators by 



For notational simplicity, we set U(ry) 



Clearly, we have natural 



A(Ei) =E { ®Ki + l®E h A(F i ) = F i ®l + Kr L ®F i , A(if iy - JljW ^ 

U(n), Kr) = [l,n]; 
U(oo), if 77 = (—00, +00). 
embedding U([— n, n]) C U([— n — 1, n + 1]) C U(oo) for all n ^ 0. Thus, we obtain an algebra 
isomorphism 

(2.1.1) U(oo) = limU([-n,n]). 

n 

Let U + (r/) (resp., U - (ry), U (77)) be the subalgebra of U(r/) generated by the Ei (resp., Fi, 
K^ 1 )- The subalgebras U + (r/) and U _ (r/) are both N-graded in terms of the degrees of monomials 
in the Ei and F{. For monomials M in the Ei and M' in the i^, and an element h G U (17), 
write deg(MhM') = deg(M) + deg(M'). Note that deg does not define an algebra grading on 
11(77). However, if 11(77) = i a j := e j ~ e j+i I 3 £ 77^} denotes the set of simple roots, where 
e, = (•••, 0, 1, - • • ) G Z , then there is an algebra grading over the root lattice ZII(77), 

i 

(2.1.2) U(t?)= \J{n) u 

defined by the conditions U {ri) v i\J{r]) v ii C \J(rj) v '+ v ", K 3 G 11(77)0, Ei G U(?7) ai , Fi G U(77)_q, 4 for 
all u', v" G Zn(77), i G ?7 H and j G T>. 



Let Z 



], and let [m\ = [1][2] • • • [m] where [t] 



^-subalgebra U(n) of 11(77) generated by the elements E, 



(m) 



- — ^-p. The Lusztig iJ-form is the 

E? F (m) 



■ml 



Kj and 



(2.1.3) 



Kf,c 



t KjV c ~ s+1 - K7 l v-° +s - 1 



n 

s=l 



V 



for all i G n^, j G 77, m, t G N and c G Z. Let U + (n) (resp., J7 (77), U°(rf)) be the subalgebra of 
17(17) generated by the 7^ m) (resp., F^ m) , Tl^ 1 and [^ ;c j). 

We record the following commutator formula in U(n); see |21|, 4.1(a)]. 

Lemma 2.2. For any positive integers k,l, we have 

min(fc,i) 



E (k) F Q) 



t=Q 



Ki;2t-k-l 
t 



E 



(k-t) 
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For each A G H ± (r/) and j = (ii)iez G ^\ choose m,n £ ■>] such that m ^ n and A G H ± ([m,n]) 
and let 

£( A+ ) = H Et J \ F^= H and 10 = \[K^ 

where and ^2 indicate the orders in the product which are defined on the set {(i, ft, j) \ m ^ 
i ^ ft < j ^ n} by 

(i, h,j) ^1 (i , h ,j ) one of the following three conditions is satisfied: 

i) 3>f, h) j=f, i>i', or iii) j=j', i = i', ft <ft'; 
(i, ft, j) ^2 h' one of the following three conditions is satisfied: 

i) i</, h) j=j', *<*', or hi) j=j', * = *', ft^ft'- 
In other words, £ (A+) = M n M n _i • • • M m+i and F( a ~*> = M' m+l M' rn+2 ■ ■ ■ M' n , where 

j - V 1 * 3 -2 )---{E m E m +1 '"^j-l )' 

and 

Ml (Tp( a j,m) jp( a j,m) Tp( a j,m)\ I T?{ a j ,j -2) Tp( a j ,3 -2) \ Tp( a j ,3 -l) 

3 ~ K*j-\ ■ ■ ■ *m+l *rn )■■■ j_ x * j_ 2 )* j_ x 

It is clear that E( A+ 1 and F( A ) are independent of the selection of m, n. Note that we have, for 

A £ -±(77), deg(£( A+ )) = deg(A+) and deg(F( A ~)) = deg(A~). 

The following result is due to Lusztig (see, e.g., [22j 2.14], [U 5.7] and |9j); cf. (I2XT|) if 77 is 
infinite. 

Proposition 2.3. (1) The set {E^K^F^ \ A £ E ± (rj),i £ Z"} /orms a Q(u)-6asiis /or U(t/). 
(2) Tfte se£ 

|s( A+ )n^ | i 6 S^^.t g N^^^ e ^,^e {0,1} /or i g J 

k jg^ L * J ) 

forms a Z-basis for U(rj). 

We now extend the definition of q-Schur algebras (or quantum Schur algebras). Let Q v be a free 
-Z-module with basis {wj}j gJ? . Let Ct^ = fL (g) Q(w). Then U(ry) acts on fi^ naturally defined by 

K a uj b = v Sa - b uj b (a, berf), E a u b = 5 a+ x >h u) a , F a to b = 5 a)b uj a+1 (a G r/ H , b € rj). 

The tensor space fi® r is a U(r/)-module via the comultiplication A on U(ry). Further, restriction 
gives the C/(r/)-module Q® r . 

Let W be the Hecke algebra over Z associated with the symmetric group S r , and let 7i = 
Tt ®z Q(v). Thus, H as a ^-algebra has a basis {%u}we& r subject the relations: for all w € & r 
and s e S := {(i, i + 1) | 1 ^ i ^ r - 1} 



TT 

* .S * ?/? 



7;^, if > £(iu); 

(u - V 1 )^ + T s u;, if £(sw) < £(w), 



where i is the length function on S r with respect to S. 

The Hecke algebra TC acts on Q® r on the right by "place permutations" via 



^ti" ■ ■ ■ • ^i r , if ij<i j+ i; 

vu il ---u ir1 if ij = i j+ i; 

^v-v' 1 )^- ■ ■ uj ir +u}i 1 ---Ui j+1 u ij ---uJi r , if ij>i j+1 . 
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The endomorphism algebras 

S(n, r) := End«(n® r ), S( V , r) : = End W (fif ) 

are called q-Schur algebras at (77, r). Note that S(n,r) := S(rj,r) for 77 = [l,n] is usually called 
the q-Schur algebra of bidegree (n, r). In general, if n = |ry| is finite, 5(ry,r) = S(n,r) and 
5(77, r) = <S(r/, r) ®z Q(f). If 77 = Z, «S(oo,r) := S(r],r) is called an infinite q-Schur algebra. We 
shall use similar notations for their integral versions. 

Since the ?i-action commutes with the action of 11(77) (see, e.g., [2]), we obtain algebra homo- 
morphisms 

(2.3.1) Cr : Ufa) — » 5(77, r), Crlt/fo) = U(rf) — ► £(77, r). 

Let U(t7, r) = Im(£ r ) and U(rj,r) = lm(( r \jj^). It is known that both maps are surjective if 77 is 
finite. However, this is not the case when 77 is infinite; see 17.41 below. Thus, for 77 = (— 00, 00) both 
U(oo, r) and U(oo, r) are proper subalgebras. We will investigate the relationship between U(oo, r) 
and S(oo,r) in §7 via the BLM type realizations for U(oo) and U(oo,r) discussed in the next few 
sections. 

3. The algebra K(j],r) and its stabilization property 

In this section, we review the geometric construction of the g-Schur algebra and extend it to the 
infinite case. 

Let V be a vector space of dimension r over a field k. An n-step flag is a collection f = (I^), gr; 
of subspaces of V such that V\ C Vi + \ for all and \J ie „ Vi = V and Vi = for i <C if 77 has 

no minimal element. If 77 has a minimal element 77 m j n , let V^-i = 0. 

Let T be the set of 77-step flags. The group G := GL(V) acts naturally on T, and hence, 
diagonally on T x T. For (f, f ) G T X J 7 , where f = (Vi)i €v and f = (F/); Gr? , we let 

Oij = dim(^_i + (Vi n V-)) - dim(K-i + (^ n Vj^)). 

Then the map (f, f) 1— » (a^.j) induces a bijection from the set of G-orbits on T x F to the set 2(77, r). 
Let Oa C F x T be the G-orbit corresponding to the matrix A G Sfa, r). 

When is a finite field of g-elements, every orbit Oa is a finite set. Thus, for any A,B,C G 3(77, r) 
and any fixed (f 1 , f 2 ) £ Oc> the number 

9a,b,o., 9 '= {feF|(fi,f)GO^(f,f 2 )GC? B } 

is independent of the selection of (fi, f 2 ). We have clearly 

(3.0.2) 5a,s,c ; , = unles s co(A) = ro(B), 

where, for a matrix C = (cj.j) G M„(Z) 

(3.0.3) ro(C) = (S iCiJ ) ietj G N" and co(C) = (>■!<:./) r :j G N r ' 

are the sequences of row and column sums of C. 

It is well-known that there exists a polynomial g A B c G Z[u 2 ] such that g AB c \ v 2= q = 9 AB c-a f° r 
any g. 

Let /C(t7, r) be the free JJ-module with basis {e^ | A G E(oo,r)}. By pQ 1.2] there is a associative 
Z-algebra structure on JC(r), r) with multiplication e A ■ e B = ^ceH(r, r) 5a b c e c- Note that, if 77 is 
finite, then JC(rj,r) is isomorphic to the g-Schur algebra <S(|77|,r) (see, e.g., [9]). However, when 77 
is infinite, the algebra £(77, r) has no identity element. 

For any n ^ 1, there is a natural injective map from JC([— n, n], r) to /C([— n — l,n+ by 
sending [A] to [A] for any A G n, n], r) C H([— n — l,n + 1] 3 7"). Note that this map preserves 
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multiplication, but it does not send 1 to 1. Thus, we obtain a direct system {/C([— n,n],r)} n ^i. It 
is clear 

/C(oo,r) := /C(Z,r) = lim/C([— n, n], r). 

n 

Let ~ : Z —>■ Z denote the ring homomorphism sending v to v . For integers N,t with t ^ 1 let 

~N~ 



t 



2(JV-i+l) _ ! 

l<i<t 



1 



Let 

(3.0.4) A(ry, r) = {A G N" j <r(A) = r}, 

and let ^ be the partial order on A(n,r) defined by setting, for A, fi G A(n, r), 
(3.0.5) A ^ /i if and only if Aj ^ m for all i G n. 

We further consider the basis {[^JjyigH^r) for /C(n, r), where 

(3.0.6) L4]:=t;- dA e A with d A = ^ a^. 

C^k ,j<l 

The following explicit multiplication formulas is given in [TJ 3.4] for n x n-matrices. For conve- 
nience, we now restate it to include infinite matrices with finite support. 

Proposition 3.1. Let n be a consecutive segment of Z and let A G H(n, r). Suppose h G Z and 
6^0. 

(a) If B £ H(n, r) satisfies that B — bEh t h+i is a diagonal matrix and co(B) = ro(A), then 



[B] -[A}= Yl 



v 



/3(u,A) 



n 



^eA(r),6) 



ah,i + »i 



[A + J2 u i( E h,i- E h+l,i)] 



where 0(v, A) = Yjj^i a h,j"i ~ J2j>i a-h+ijVi + J2i<i> u i v V ■ 

(b) If C G H(n,r) satisfies that C — bEh + i^ is a diagonal matrix and co(B) = ro{A), then 



[B]-[A]= £ 



n 



a h+l,i + v i 
V, 



[A-^2vi(E ht i- E h +i,i) 



where j(u, A) = a h+l)j Vi - a>h,jVi + Ei<i' W- 



Let v' be another indeterminate (independent of v) and for A G H(n) and v G A(n, r), let 



n 



a>h,i + v % 

Vi 



n 



-2(0^^+1^-^+1)^/2 _ j 
^" 2 J - 1 



and 



Q^(t;,t/) = ^ >A) J] 

£eZ,i^/i+l 

These are polynomials in Q(u)[V]. 



ah+l,i + TT u- 2 ( ah + 1 > h + 1+t/h + 1 -J +1 )f /2 - 1 

V4 



n 

i=i 



-2j _ 1 



For a finite segment n of Z, let I G H(n) be the identity matrix of size \rj\. Consider A G 



H([mo, no]). For any a, m, n G Z with m ^ mo and no ^ n, let a (A 



[m,n] > 



^ [m ' nl +a/. . G H([m,n]). 



Clearly, when a is large enough, a (^4' m ' nl ) G H([m, n]). For each ^4 G H(n) and any z/ G A(n, m) 
we define /3(^, ^4) and ^(v, A) by the same formulas as given in 13.11 One checks easily that, if 
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A € H([rno,«o])> then (3{v, a (A [m '" ] )) = (3{v, A) and ^(v, a (A [m,n] )) = ^{v, A) for all a and any 
m ^ mo, n ^ no- 

Corollary 3.2. Let A, B be the matrices in H([mo,no]) such that co(B) = ro(A). 

(1) If B — bEh^h+i is diagonal, then, for all m ^ thq, n ^ uq and a>0, we have 

[ a (£ l ] )].[«(^' ')]= Pu,a(v,v MA - E h+i,i))] 

v£A(ri,b) i 

(2) If B — bEh + i } h is diagonal, then, for all m ^ mo, n ^ no and a ^> 0, we have 

[m,n] [m,?i] \ ^ _ , _ „ , r / .[m.n] \ , [m,n] [m.n] .% -, 

MB )}-[ a (A )] = ^ Qu,a(v,v )[a(A ~2^Ui(E htl - E h+1 ^))\ 
For every A = (a S) t) £ H(r/) and i ^ j, let 

(3.2.1) ^,,i,n (;r' ;/ <' w ' ^ i<j; 

Define B ^ A \i and only if a it j(B) ^ o"j,j(^4) for all i,j e n, i ^ j. Put 1? -< A if 73 ^ A and 
aij(B) < aij(A) for some i ^ j. 

There is another order on H(n, r), called the Bruhat order, which is defined by setting B ^ A 
if O b C Oa, the closure of Oa- By [IJ 3.6(b)], we have A < B implies A 4 B, and B 4 A and 
A 4 B imply A = B. 

The following is a modified version of the important triangular relations given in [TJ 3.9] with 
the Bruhat order replaced by the order where the notation [C] + low terms means [C] plus a 2- 
linear combination of elements [B] with B ES(rj,r), B -< C. This result is required in establishing 
the generalized stabilization property [37 



Proposition 3.3. For any given tuq ^ no m Z and ^4 € H([mo,no]), choose an integer bo ^ smc/i 
i/iai ^J. + fco-f mo ,n S S([mo, no]). -For any b,m,n € Z wrai/i b ^ bo, m ^ mo and n ^ no, i/ie following 
identity: 

«l) «2) 

]J [A,/kj + Oij E h,h+l + M [m , n] ] ' II ^ J + a ii E h+i,h + 6I [m>n] ] 

= [A + &J [m ,] + lower terms relative to =4, 

holds in /C([m,n],r), where r = o~(A) + &(n — m + 1). Here the ordering of the products is the 
same as in (|2.2.ip . and the matrices A,/i,j are certain diagonal matrices, determined by A and 
independent of m, n and b. 

Proof. Regarding A as a matrix in H([m,n]), then B := A + Wr mn i G H([m,n],r). Now, applying 
[U 3.9] to the matrix I? yields the formula 

= [B] + lower terms relative to ^, 

where D% hj are diagonal matrices determined recursively as follows: Dn-i,n-i,n is determined by 
the condition ro(B) = ro(D n _i )n _i ;n +a n _i ;n £' n _i )n ) and, if (£', /i', j') is an immediate predecessor of 
(i, /i, j) in the product, then D^hj is determined by the condition co(Dj,i j +a,i> ! j>E') = ro(D ij f l j + 
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dijE), where E' , E represent matrices of the form E a>a+ \ or E a+ i >a . (For example, D n _2,n-2,n is 
determined by the condition co(D n _i )n _i ) ^ + o„_i )n £' n _i )n ) = ro(D n ^ 2 ,n-2,n + a n -2, n E n -2,n-i) and 
so on.) Clearly, each diagonal entry of D^^j is a sum of the corresponding diagonal entry of B 
and some of the off diagonal entries of B. So, if we put D^j = ^%,h,j — bl, n] , then Di^j is a 
sum of the corresponding diagonal entry of A and some of the off diagonal entries of A. Hence, 
Difij is independent of m, n and b. Since A ^ B implies A =^ B, substitution gives the required 
formula. □ 

Let Z\ be the subring of Q(u)[i/] generated by (j £ Z) and 

n -2(a-i) /2 _ 1 
for a6Z,Ql. 
v~ 2l — 1 

We have the following generalized version of the stabilization property [1, 4.2]. 

Theorem 3.4. Let mo,no € Z, mo ^ no, and Ze£ A, 5 6e matrices in H([mo,no]) such that 
co(A) = ro{B). Then there exist X{ £ E([mo,no]), elements Pi(v,v') € Z\ (1 ^ % ^ s) and an 
integer ao ^ smc/i i/iai 

[ a (^ Im ' n] )][ (B Im ' n] )] =J2Pi(v,v- a )[ a (X [ ™' n] )] 
i=l 

for all a ^ a®, m ^ mo and n ^ no- 

Proof. If A is a matrix such that A — bE^^h+i or A — bE^+i h is diagonal for some 6, h, then the 
result follows from 13.21 Using [3T3l one can prove the result by induction on ||^4||, wher^l 

(3-4.1) ||A||= + 

as proceeded in the proof of [TJ 4.2]. □ 

We see from the theorem that the polynomials Pi(v,v') depends only on A, B and Xi, and not 
on any embedding H([mo,no]) Q ^( r ?) f° r anv segment n D [m ,no]- Hence, we have established 
the following. 

Corollary 3.5. Let rj be a fixed consecutive segment o/Z. For any A,B,C € E(n) with co{A) = 
ro(B), there exist fA,B,c(v,v') € Z\ such that, if A,B,C € H([mo,«o]) for some mo ^ no in Z 
with [mo, no] C m i/ien 

[ a (A [m '" ] )] • [ a (B lm - n] )) = fA,B,c(v,v- a )[ a (C lm ' n] )] 

CeS([m ,n ]) 

for all m ^ mo, n no mi/i [m, n] C m and a ^> 0. 

4. The BLM realization of U(oo) 
We now use the polynomials fA,B,c(v, v') given in 13.41 to define a new associative algebra. 



2 ||yl|| is denoted by 9(A) in pQ. 
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Consider the free 2i-module with basis {A \ A G ^(r/)}. Define a multiplication on this module 
by linearly extending the products on basis elements (cf. (13.0. 2ft ): 

f £ fA,B,c{v,v')C, if co(A) = ro(B) 
A B:= I C€~( V ) 

[_ otherwise 

Then we get an associative algebra over Z\ which has no identity element. 

By specializing v' = 1, we get an associative 2-algebra K,(rf) with basis [A] := A <g) 1 (A G H(f?)) 
in which the product [A] ■ [B] is given by Ylce^M fA,B,c(v, 1)[C], if co(A) = ro(B), and it is zero, 
otherwise. In particular, we have in /C(r/), for any D G H°(r/) (and so co(D) = ro(D)), 

(4.0.1) MH] = { |j4] if « , < D > = ™<- 4 > md M1D ] = /M ««(«)- 

I otherwise; I otherwise. 

There is a natural algebra embedding from n,n]) into /C([— n — l,n + 1]) induced by the 
embedding E([— n, n]) C H([— n — 1, n + 1]). Thus, we obtain a direct system {/C([—n, n])}„^i. It is 
clear we have 

/C(oo) = lim /C([— n, n]). 

n 

Let £(77) = £(77) ® Z Q{v) and /C(r/,r) = £(77, r) %Q(u). The set {[diag(A)] | A G Z"} (resp., 
{[diag(A)] I A G A(t?, r)}) is a set of orthogonal idempotents of K.(rj) (resp., K.(rj, r)). By 11.11 we 
may construct the completion algebra K.(rj) (resp., K(rj,r)) of K.(rj) (resp., K.(r],r)). The element 
^ AeZ r, [diag(A)] (resp., Yl\eA( v , r ) [ dia g( A )]) is the identity element of /C(r?) (resp., /C(r/,r)). Note 
that if 77 is a finite set, then we have K.(rj, r) = K.(rj, r). 

Given r > 0, A G 2^(77) and j G Z', we define 

A(j,r)=A(j,r) v = Yl v x ' i [A + diag(\)] £ K( V ,r), 

(4.0.2) a(A)+a(X)=r 

where A • j = Yliez A «i« < 00 • Note that these summations depend on 77. 
For i G 77, j G 77 , let as in §2 

(4.0.3) ej = (• • • , 0, 1, • • • ) G Z" and a* = e,- - e,-+i G Z\ 

Lemma 4.1. Zei A, G Z'\ T/ie following formulas hold in /C(r/). 

(1) Fori G r/ H ii;e Ziaue I% ti+ i(0)[diag(A)] = [diag(A + ai)}E iji+ i(0); 

(2) For i Erf 1 we have # i+lii (0)[diag(A)] = [diag(A - ai)]E i+hi (0) . 

Let V(t7) (resp. V(t7, r)) be the subspace of K.(rf) (resp. K(rj,r)) spanned by the elements A(j) 
(resp., A(j,r)) for A G 2 ± (t7) and j G Z''. It is clear that the elements A(j) (A G H =t (77), j G 1?) 
form a Q(t>)-basis of V(r?). There are similar bases for V(t7, r); see [10] and Corollary 16.71 below. 

When 77 = [m, n] is finite, it is known from [IJ 5.7] that V([m, n]) is a subalgebra of /C([m, n\) 
and there is an isomorphism 

(4.1.1) V([m,n])^V([m,n]) via £ ft ^ E h , h+1 (0), K j ^ 0(j), F h . h-» ^ +1>/l (0). 

Moreover, JC([m, n], r) = V([m, n],r) = 7C([m, re], r) is a g-Schur algebra in this case. 
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When 7] is infinite, we will see below that the isomorphism U(r/) = V(n) continues to hold, but 
the equalities K([m,n],r) = V([m,n],r) = K.([m,n],r) are replaced by a chain relation K(rj,r) C 
V(?7, r) C /C(n, r); see 14.3( 2) and 15.51 below. Moreover, V(r/, r) is isomorphic to U(r;, r). 

For simplicity, we will only consider the case when r/ = Z in the sequel. 

Observe that the embedding from JC([—n, n]) into /C([— n — 1, n+1]) induces an algebra embedding 
from V([— n,n\) into V([— n — 1]). Hence, we obtain a direct system {V([— n, n])} n j.i. It is 

natural to expect that there is an algebra isomorphism (see the proof of 14.31( 1) below) 

(4.1.2) V(oo) limV([-n,n]). 



This isomorphism together with (|2,l.ip and (|4.1.ip establish an isomorphism U(oo) = V(co). 
The key to the isomorphism (|4.1.2p is to show that the embedding from V([— n, n]) to /C(oo), 

sending A(j)r_ n n i to -A(j)oo for any A G E ([— n, ra]) and j G Z , is an algebra homomorphism. 
The following multiplication formulas will guarantee this. 

Proposition 4.2. For i, h G Z, G Z°° and ^4 G H ± (oo), if we put fih = —&h — e^-fi, /(i) = 
f(h A) = Yuj^i a h,j ~ T,j>i a h+i,j and f(i) = f(i, A) = Y ij<i a hJ - a h+1)j , then the following 
multiplication identities hold in 7C(oo): 

o(j)A(j')=^ iia ^^a+j') 

1 L "' n A(j')0(j) = ^^ J 4(j+j') 

where stands for the zero matrix. 



E hth+1 (0)A(j) = ]T 



i<h;a h+li ^l 



(4.2.2) 



+ E 



i>A+l;ofc + i >i >l 




(A + (j + a h ) 



(A + E^-EWKj) 



fW-7,-1 (^-^+i,fe)(j + «fe) - (A - E h+lth )Q + 



+ v 



f(h+l)+j 



h+l 



1h,h+l + 1 

1 

where a is 1 if ah+ih ^ 1 an< ^ ^ s otherwise. 



1-v- 2 
(A + E h}h+1 )(j) 



E h+1 , h (0)A(j) = vf[i) 

i<h\a h i^l 



a>h+l,i + 1 

1 



(A-E hti + E h+lti )(j) 



(4.2.3) 



f'{i) 



i>/i+l;a/ l ;J}1 



ah+l,i + 1 

1 



(-4 - E hi + - a h ) 



+ v f'(h)+jh 



l)- jh+1 -l {A - E h>h+ i)(j - a h ) -{A- E hth+1 )(i + fa) 

1-v- 2 

(A + E h+hh )(j) 



a>h+i,h + 1 

1 



where a' is 1 if a^h+i 1 and is otherwise. 

The same formulas hold in the algebra /C(oo,r) with A(j) replaced by A(j,r). 
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Proof. By 13.11 one can derive formulas similar to [1, 4. 6(a), (b)]. The remaining proof is the same 
as the proof of [U 5.3]. □ 

Note that, though we may regard a finite matrix A as a matrix in H(oo), we cannot regard 
j 4(j)[-n,n] i n V([— n,n]) as the element ^4(j)oo in V(oo). Thus, the formulas above appear in the 
same form as, but cannot be derived from, those given in [TJ 5.3]. 

Theorem 4.3. (1) V(oo) is a subalgebra o/7C(oo). Moreover, the algebra U(oo) is isomorphic to 
V(oo) by sending to £ , / li / l+ i(0), to £ , / l+1 / l (0) ; and if J to 0(j) where h E Z and j E Z°°. 
(2) There is an algebra homomorphism 

£r : V(oo) — ► K{oo,r) 

by sending A(j) to A(j,r) /or any A E 3 ± (oo) and j E Z°°. In particular, we have V(oo,r) = 
£ r (V(oo)) is a subalgebra of K(oo,r). 

Proof. Let / be the injective linear map from V([— n,n]) to V(oo) by sending A(j) to -A(j)oo f° r 
any A E E ± ([-n,n]) and j E Z 1 ""'"'. Let X := {E h>h+1 (0), E h+1 , h , 0(j) j — n ^ h < n,j E Z 1 ""'" 1 }. 
By [U 5.3] and [O] we know = for any x <E X and A E H ± ([-n,n]) and 

j E Z [ n '™'. Since the algebra V([— n, re]) is generated by X; see (|4.1.ip . it follows that / is an 
algebra homomorphism. Thus, V(oo) is the direct limit of V([— n, n]) and, hence, is a subalgebra 
of 7C(oo), proving (1). The statement (2) can be proved similarly. □ 

Remark 4.4. We remark that the theorem can be proved directly. Using [3T3l we may generalize 
[U 4.6(c)] to derive the formula in 7C(oo) (cf. [TJ 5.5(c)]) 

(4.4.1) H ( aijj E hjh+1 )(0) H ( ajji E h+1>h ){0) = A(0) +f (WL E S±(oo)) 

where / is a linear combination of B(j) with B -< A. Thus, the proof of [TJ 5.5] can be carried over. 

With the above result, we shall identify U(oo) with V(oo) in the sequel. Thus, Eh = E^h+iiO) 
and F h = E h+l)h (Q) for all h E Z, and bvIO 

(4.4.2) E { h m) = (m% +1 )(0), F { h m) = (mE h+1>h )(0) for all m > 1. 
Hence, the left hand side of (14.4. lh equals E^ A+ ^F^ A ~\ 

Corollary 4.5. For any A E H(oo) and A E Z°°, we have 

£( A+ )[diag(A)] = [diag(A - co{A+) + ro{A + ))]E^ 
F( A ")[diag(A)] = [diag(A + co(A~) - ro(A-))]F^ A ~^ 

In particular, if A = cr(A) := (ai(A)) ie z, where (Ji(A) = a iti + Ylj<i( a i,j + a j,i)> then 

£ (A+) [diag(A)] = [diag(ro(yl))]£ (A+) , [diag(A)]F^~) = F^)[diag(co(A))]. 

We end this section with a discussion on a new basis for /C(oo), involving elements in the integral 
form U(oo). 

Proposition 4.6. The set C = {E^ A+ "> [diag(<r(A))]F( A ~) | A E H(oo)} forms a Z-basis for /C(oo). 
Proof. By 14.51 we have 

M (A) ._ E^ A+ )[dmg{a{A))]F^^ = [diag(ro{A))]E^ F^[diag{co{A))]. 



QUANTUM 0^, INFINITE g-SCHUR ALGEBRAS AND THEIR REPRESENTATIONS 



13 



Thus, (jTOD implies = [A] + /, where / = E fle s (oo))BXil fsA B ] with fn,A 6 Z. Hence, the 

set is linearly independent. To see the set spans, we proceed by induction on ||^4||; see (|3.4.ip . If 
||A|| = then A is a diagonal matrix, and so [A] = [diag(<x(A))] G C. Now we assume that ||^4|| > 
and that [A'] is a linear combination of (B G H(oo)) for A' G H(oo) with ||A'|| < \\A\\. Since 

B -< A implies that < \\A\\ (see [H p. 668]), by induction, / is a linear combination of M^ c \ 
C G 5(oo). Thus, each [A] (A G H(oo)) is a linear combination of M^ c \ and hence, C spans 
/C(oo). □ 



5. Elementary structure of V(oo,r) 

We first investigate the elementary structure of V(oo, r) as a preparation for obtaining its pre- 
sentation in the next section. Though this algebra is infinite dimensional, it shares many properties 
with the g-Schur algebra. But, some of the proofs below are different from those given in |12j . 

For i G Z, let 

kj = 0(ej,r), ei = E i>i+ i(0,r) and f j = -Ej+i^O, r), 
and let, for any t € N°°, 

"k 7 ;;0" 



k(t) = [Jfk,;^] 1 and k t = JJ 



U 



where [x; tf = (x — l)(x — v) ■ ■ ■ (x — v l 1 ), [x; 0] ! = 1 and |^! J is defined as in (|2.1.3p . Since t has 
finite support, the products are well-defined. By Theorem 14.31 e i ; kj,fj (i G Z) generate V(oo,r). 



Lemma 5.1. 

(2) For any t G N"", we have kt 



(1) We have k(t) = for all t G N°° with cr(t) > r. 

fo, ifa(t)>r; 



[diag(t)], ifa(t) 



r. 



In particular, if A G A(oo,r) ; i/ien 



[diag(A)] =k A G V(oo,r). 
(3) For any A G A(oo,r), we have kjk^ = v Xi k\ and [ V c ] k A 



Proof. Since E 



AgA(oo,r) 



[diag(A)] is the identity element of V(oo,r), we have, for all i £ Z, 



[k^] ! = ^ [k i; t,] ! [diag(A)] = ^ [t; A ^] ! [diag(A)]. 



AeA(oo,r) 



AeA(oo,r) 



Hence we have 



II[ k ^] ! =n E [^;^] ! [diag(A)]= £ (]> A ^] ! ) [diag(A)] 

iSZ ieZAGA(oo,r) AeA(oo,r) VieZ / 



AeA(oo,r) 



Note that n«ez[ u i U]' if an d onr y if ^ *i f° r an i G Z. If <r(t) > r, then, for any A G A(oo, 
there exist i G Z such that Aj < ij. Hence rijgzt^'^]' = ^' proving (1). 
Similarly, we have, for i 6 Z 

"A 

t, 



k;;0 

u 



E 

AeA(oo,r) 



k i; 



[diag(A)] 



E 

AeA(oo,r) 



[diag(A)]. 



Hence we have 



*.=n E 

ieZ AeA(oo,r) 



[diag(A)] 



e n 



AGA(oo,r) 
/or a// i 



[diag(A)]. 
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If <r(t) > r, then for any A E A(oo,r), there exist i E Z such that Aj < t». Hence kt = 0. Now we 
assume <r(t) = r. Then, for A € A(oo,r) with Aj tj for i E Z, we have Aj = for i E Z. Hence 
k t = [diag(t)], proving (2). (3) is clear from the proof above. □ 

Let V°(oo,r) be the subalgebra of V(oo,r) generated by the kj, iEZ. 

Corollary 5.2. (1) The set {k\ j A E A(oo,r)} is a set of orthogonal idempotents /or V(oo,r) and 
forms a basis for V°(oo, r). 

(2) For j E Z°°, write k^ = Yii&^-t ■ Then the set {'k) j j E N°°,cr(j) ^ r} forms a basis for 
V°(oo,r). 

Proof. The first statement is clear. We now prove (2). By 15-H we know that [kjjr + 1] ! = 0. 
Hence, V°(oo,r) is spanned by the elements Yliez^-f e ^°°> ^ r )- Since kj = 

EAeA(oo,r) wAl [ dia g(-^)] 5 we have > for any n ^ 1 and j_ n , • • • ,j n _i E N, 

(5.2.1) Y\ = Yl ^ Eir -" Aljl [diag(A)] + ^ E --" Alj! [diag(A)] 

-n^i^n-l A€A([-n,n],r) A0A([-n,n],r) 

AGA(oo,r) 

Since det (i;£"=-n A *iA ^ q by [10, (6.6.2)], it follows that, for any fixed n, the 

V /AeA([-n,n],r)jeA' 7lri0 

elements n^T-n^i* (j e ^ * 1 CT Ci) ^ r ) are linearly independent. Hence, the elements rLex^ 
(j E N°°, o~(j) ^ r) are linearly independent. The result follows. □ 



We record the handy result |XQ(, (6.6.2)]) for later use. Recall the notation cr(A) defined in 14.51 
Lemma 5.3. For A E H ± ([— n, n]) ; let 

K,r,A = {A E A([-n, n],r) | A > <r(4)} and A^ rjA = {j E ^ [_n ' n " 1] | CT (j) + (T (^) <; r }. 

T/ien |A„ rA \ = \A' rA \ and det (u£™=-« A ^ ^ 0. 

V / A€A n>r ,A JeA' n r ^ 

The following results give some commutator relations; cf. |12|. 4.8,4.9], 14.11 and 14.51 

Proposition 5.4. For any A E A(oo,r) and i E Z, we have 

j^X+a^i, i/A + ai E A(oo,r); jk A _ ai fj, if X — on E A(oo, r); 

ejkA = < and f jk A = < 

10, otherwise, 10, otherwise. 

More generally, if A E H^oo) and A E A(oo,r), i/ien we /ia«e 

e (A+) kA = | k A- C o(A+)+ro(A+) e(A+) , if ^ > °"(^ + ); 

1 0, otherwise, 

f (A+) fe = | k A+ C o(A-)-ro(A-)f (A ~ ) , »/ A > <t(^~); 

1 0, otherwise. 

Proof. ByEU ejk A = %i (0, r)[diag(A)] = E M eA(oo,r-l) t-^M+i + diag(^)][diag(A)]. Now the first 
formula follows from (|4.0.ip . The proof of the second is similar. The last assertion can be proved 
similarly to the proof of [TH 4.9 and 4.10]. □ 



For A E E(oo) with v = cr(A), let 



m (A) = e (A+) Kf (A-)_ 
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Theorem 5.5. For any A G H(oo,r), we have the following equation in V(oo,r). 

(5.5.1) m( A ) = [A] + Ib,a[B] (a finite sum) 

_BGS(oo,r),B-<A 

where fs,A G Hence, the elements m( A \ A G S(oo,r), form aZ-basis of}C(oo,r), andK(oo,r) C 
V(oo, r). 

Proof. By 15.41 and 15.1( 2). we have 

m ( A ) = k u +ro(A+)-co(A+) e( - A ^ ^ ^K+ro(A-)-co(A-) 

= Ko(A)e {A+) f^K o(A) = [di ag (r (^))]e^ + f A -[di a g( CO (A))]. 
Applying £ r given in 14.31 to (|4.4.ip yields 

(5.5.2) e (A+) f (A-) = ^±( ,r) + 9 , 

where <? is a linear combination of B(j,r) with S -< A. Thus, we obtain 

mW = [A]+f, 

where / is a linear combination of [B] with B -< A. Hence, the set {m^ }AeH(oo,r) * s linearly 
independent. The proof for span is entirely similar to the way proceeded in the proof of 14.61 □ 

In general, let, for A G H^(oo) and A G A(oo,r), let m^'^ = e^ A 

Corollary 5.6. Suppose m^ A '^ ^ for some A G H^oo) and A G A(oo,r). If there exists D G 
H°(oo) such that co(A + D) = A + co(A^) - ro(A~), then m( A ' A ) = m ( - A+D ^ 1 . Otherwise, 

(5.6.1) m (A '^ = fB,A m(B) ( a finite sum )- 

BeS(oo,r),S^A 

where f' B A G Q(t>). 

Proof. Using (|5.5.ip . the result can be proved similarly to the proof of |X2(, 5.6]. □ 

We end this section by showing that Borel subalgebras of (finite dimensional) g-Schur algebras 
are natural subalgebras of V(oo,r), a fact which plays a crucial role in the determination of a 
presentation for V(oo,r). 

Let V^°([— n, n], r) (resp. V^°([— n, n], r)) be the subalgebras of V([— n, n],r) generated by 
e- = ^,i + i(0,r)[_„ jn ] (resp. f- = E i+1;i (0, r)[_ n>n] ) and = 0(ej, r with i G [-n,n- 1] 

and j G [— n, n]. Then, by p21 8.1], the algebra V^°([ —n,n],r) is generated by the elements e-,k^, 
(— n ^ i, j ^ n — 1), subject to the following relations: 
(a) = k^- 



(b) [k'_ n ;t_ n ] ! [k'_ n+1 ;t_ n+ i] ! --- [!<_!; t n _i] ! = 0, Vt< G N, t_„ + • • • + i n _i = r + 1; 

(c) e{e$ = e# (|i-j|>l); 

(d) (etfe'j - (y + trV^-eJ + ^-(ej) 2 = when |« - j| = 1; 

(e) k^e^- = v^'fi&jl^, where e(i,i) = 1, e(i + = —1 and e(i,j) = 0, otherwise. 
For A G A([— n,n],r), let 

n 



k A=n 



M;0 



A; 



G V^ u ([-n,n],r) n V^ u ([-n,n],r) 



where k^ = v r \t_ l ■ ■ ■ k' n } v 
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Proposition 5.7. For n ^ 1 there are algebra monomorphisms 

(Pn° :V^°([— n, n], r) — > V(oo,r) satisfying i— > ej, kj i— > kj (— n ^ i ^ n — 1) 
:V^°([— n, n], r) — > V(oo,r) satisfying fj i— > fj, kj i— > kj (— n ^ i ^ n — 1). 

Moreover, for any A € A([— n, n],r), we have (p^°(k.\) = y^p(k^) = h^ n; where 
(5.7.1) h A ,„ = £ [diag(/i)]. 

/i£A(oo,r) 
f^ — n~^ — n'"' i^n-l-^ri-l 

Proof. The presentation above gives an algebra homomorphism (p^° : V^°([— n, n], r) — > V(oo,r) 
mapping to ej and kj to kj for — n ^ i ^ n — 1. By 15.51 and [T2"j 8.2] we have is injective. 
The proof for ip^° is similar. It remains to prove the last assertion. We have 



n-l 

n 



"k i; 0" 




Vk 









,-l k -l 

-ra -ra+1 



d;0 



n-l 



e n 

/n£A(oo,r) \i=— n 



A n 

En— 1 
<= 

n-l 



n^ 



[diag(M)]. 



Since A G A([-n, n], r) we have (/ij - Aj) + (r - Y!i=- n fH-\i) = r- Ya=-u a « = °- Hence 

for € A(oo, r) we have 

n-l p - 



n-l 



Hence, ni 



1 


Mi 




>-£?=-„«' 


— n 






An 



> jUj ^ Aj for — n ^ i ^ n — 1 and r — /ij ^ A„, 

i=—n 

/Uj = Aj for — n^i^n — 1. 
1, and QEZZED follows. □ 



Remark 5.8. The algebra monomorphisms y?^ and (p^° can't be glued as an algebra homomor- 
phism from V([— n, n], r) to V(oo,r) since the last relation in [121 4.1] does not hold in V(oo,r). 



6. Presenting V(oo,r) 
We are now ready to describe a presentation for V(oo, r). 

Definition 6.1. Let V(oo,r) be the associative algebra over Q(f) generated by the elements 

ej,fj,kj (i6Z), 

subject to the relations: 

(a) kjkj = kjkjj 

(b) IliGZ^;^] 1 = for a11 t G N°° with <r(t) = r + 1; 

(c) ejCj = ejej,fjfj = fjfj (|i - j| > 1); 

(d) e?ej - (u + u-^ejej-ej + e^e? = (\i - j\ = 1); 

(e) f2f,-(i; + 0^ + ^ = (H-il = i); 

(f) kjej = u^-^J+iejki, kjf, = v'^+^+^jki; 

(g) ejfj - f,ej = Sij ^Zy-i i where kj = kjkr^, i G Z. 
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Comparing 16. II with 12,11 we see that there is an algebra epimorphism U(oo) -» V(oo, r) satisfying 
E{ i — > ej, F{ i — > fj and Kj h- > kj. In particular, for A G 2^(00), let e^ A+ \ \ etc., be the images 
of E^ A+ \ F^ A \ etc., under this homomorphism. 

On the other hand, by 14.3( 2) and !5.1( l). there is an algebra epimorphism 

(6.1.1) vr:V(oo,r) — ► V(oo,r), 

defined by ej i— > ej, fj i— > f j, kj i— > kj. We shall prove that ir is an isomorphism by displaying a 
spanning set for V(oo,r) whose image under ir is a linearly independent set in V(oo,r). 

We first have the following counterpart of 15.71 by comparing the above defining relations with 
the relations for Borel subalgebras. 

Lemma 6.2. For any given n ^ 1, there are algebra monomorphisms sending 1 to 1 

:V^°([— n, n], r) — > V(oo,r) satisfying e- i— > ej, k- i— » kj (— n ^ i ^ n — 1) 
:V^°([— n, n], r) — > V(oo,r) satisfying i[ i— » fj, kj kj (— n ^ j ^ n — 1). 

Proof. The injectivity follows from 15.71 since </?=f° is the composition of an d tt- D 

This result shows that the subalgebra B+ (resp. B~) of V(oo,r) generated by ej,kj (resp. 
fj,kj), — n ^ i ^ n — 1, is a (finite dimensional) Borel subalgebra investigated in |12[ §8]. Let 
B^ = B+ n B~. Then B^ is the subalgebra generated by kj, — n ^ i ^ n — 1. We summarize the 
properties of these algebras; cf. [61 8.2-3] and [121 4.7-10]. 

For any A G A([-n,n],r), let h A , n := ^°(k' A ) = ^°(k' A ). 

Corollary 6.3. Letn^l. 

(1) Each of the following sets forms a basis for B°; 

(a) {h A , n |A G A([-n,n],r)}; 

(b) {k5 | j G Nt-^-^^Q) «S r}. 

(2) For a// — n ^ i ^ n — 1 and A G A([—n,n],r), kjh A . n = v Xi h\ :U . 

( 3 ) 1 = J2\eA([-n,n],r) h A,n- 

(4) T/ie elements h A)n satisfy the commuting relations described in \5.4\ with k A replaced by h Ain 
and 

e (A+) > f (A") 6ye (A+) 

and f^ A ) for all A G E ± ([—n, n\) and A G A([— n, n], r). 
The elements h A n play an important role in a construction of a spanning set for V(oo,r). Let 
M' n = {e( A+ )h A , n f | A G H±([-n, n - 1]), A G A([-n, n], r), A > <t(A)}, 
where A ^ c(^4) means Aj ^ o"j(^4) Vi, and let M.'^ = U n ^iM.' n . Recall from 15.31 the set A njrjJ 4. 

Lemma 6.4. For any n ^ 1, A G H ([— n, n — 1]), A G A([— n, n], r), if A G" A n>r)J 4 ; i/ien £/iere exist 
f R ' A G 2 such that 

(6.4.1) e( A+ )h A , n f( A -) = £ /^e^h^f^"). 

S6S±([-n,n-l]) 
MeA nT . jA ,deg(B)<deg(A) 

Hence, M'^ is a spanning setforV(oo,r). 

Proof. We first observe, by I6.3( 2)&:(3). that all kj and [ kl 4 ' c ] are Z-linear combinations of h Ai „ 
whenever —n ^ % ^ n — 1. So (|6.4.ip implies the assertion that TW^, spanns V(oo,r). We now 
prove (|6.4.ip . 

Suppose A G A([— n, n],r) and Aj < o"j(^4) where i is minimal. Then deg(yl) ^ 1. We apply 
induction on deg(^4). If deg(yl) = 1, then A + = -Ej-^j and A~ = or A + = and A~ = E^i-i. 
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By 15.41 we have e( A+ ^h\ jn f( A ^ = 0. Assume now deg(A) ^ 2 and (|6.4.ip is true for all A' with 
deg(^4') < deg(A). Let Ai = (ai j) be the submatrix of A such that ai\ = a^i if k, I ^ i and = 
otherwise. Since A G H =t ([— re, n — 1]), we can write ef- A+ ^ = mie^' + ' and f( A = 'm'j, where 
mi is the monomial of (— n ^ j < n— 1, a ^ 0) and is the monomial of (— n ^ j < n— 1, 
a > 0). Then 

e^ + )h A , n f^) = m 1 e(^)h A , n f(A-) m ;. 
Since Aj ^ (jj(A^) for all j ^ i. I6.3T 4) implies 

e^ + )h A , n f^") = m 1 h A%n e^)f(A-) m ; ; 

where A* G A([-n,re],r) with A* = A — co(Af) - ro(Af) = Aj - J2j<i a ji = \ ~ °~i{A + ) ^ 0. On 
the other hand, the commutator formula 12.21 (see the remarks right after [12, 2.3]) implies 

e (A+) f (AD = f(A-) e (A+) + /; 

where / is a ^-linear combination of monomials mjhjm^ with deg(m|mp < deg(^4j). Here, 

is a product of some ef\ is a product of some fi , and hj is a product of some k ^ c 
wher^l — n ^ s,i ^ n — 2 and a,b,c,m G Z. Thus, deg(m 1 m|m^m' 1 ) < deg(A). Now Aj < 
implies A* < <Ji{A-) = cr^Ar). Hence h A ., n f(A r ) = by E3j4). Since hj G B° is a 
iJ-linear combination of h^ n by 16.3( 1-3). it follows from HT37 4) that e^^h^f ^ ) is a ^-linear 
combination of mimjh^mjm^ with deg(mim|mjm' 1 ) < deg(^4) and /x G A([— n, re], r). Now, 

since V(oo,r) is a homomorphic image of U(oo), 12.31 implies that each mimj (resp., m^m^) is 
a 2-linear combination of e^ B \ B G E + ([— n,n — 1]) (resp., f( B \ B' G H~([— ra,n — 1])) with 
deg(-B) = deg(mim|) (resp., deg(i?') = deg(m^m / 1 )). Thus, each mimjh^ nrrrjm'j is a ^-linear 

combination of e^') h„ n f^'^ with A' G H ± ([— n, n — 1]) and deg(A') < deg(^4). Thus, our 
assertion follows from induction. □ 

Though each A4' n is linearly independent as part of the integral basis for a g-Schur algebra (cf. 
(|6.5.ip and 16.71 below), the set M'^ is unfortunately not linearly independent. In fact, we can see 
that span(AI^) is a subspace of span(A4^ +1 ), but A4' n is not a subset of M.' n+1 . However, we shall 
use M.'^ to construct several bases below. 

Let 

Moo := {e {A+ ^Vf^ | A G E ± (oo), j G N°>(j) + a(A) ^ r} 

and, for n ^ 1, let 

M n := {e^k¥ A ^ | A G S =t ([— n, n]), j G A^}, 
where M nrA is defined in Lemma [5\3l Then M n C M n +i and A/"oo = U n ^iM n - Similarly, we can 
define Moo and A/"n in the algebra V(oo, r) so that Moo = k(Moo)- 

Corollary 6.5. The set Moo spans V(oo,r). 

Proof. Bv l6.4l it is enough to prove that, for any n ^ 1, the set M' n lies in the span of M n . In other 
words, we need to prove that, for any A G H ± ([— n, n — 1]), and A G A([— n, n],r) with A ^ ""(^4), the 
element e( j4+ )h Ain f ( A ) G spanA/" n . We proceed by induction on deg(^4); see (jl.l.ip . If deg(^4) = 0, 
then by [T2J 4.7] we have, for any A G A([— re, n], r), e^^h^f^" 4 ) = h Aj „, which is, by I6.3IT 1) . a 

^Our assumption on A guarantees that e,!-.! and f„_i do not appear in e < - A+ ' 1 and f ' A ' . Thus, only the k t = ktk^j 
with — n ^ t ^ n — 2 occur in the commutator formula; cf. I6.1f g). 
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linear combination of the elements k^ 1 • ■ ■ ^n-i w hh ji G N and j_ n + • • • + j n -i ?S r, and hence, 
in the span of M n . Assume now that deg(^4) ^ 1. By 16.3( 1). we may write, for any j G N l with 

in = 0, 

(6.5.1) e( A+ W A -) = ^ ^e^h^-) + £ ^e^h^f^). 

By (|6.4.1j) and induction, the second sum is in the span of M n - If j runs over the set M nrA (see 
I5.3D then the determinant det(u At 'j) u j / 0. Hence, e( A+ )h^ n f( A ) G spanA/" n for all /u G h n ,r,A- D 

Theorem 6.6. T/ie algebra epimorphism ir : V(oo,r) — > V(oo,r) defined in (|6.1.ip is an isomor- 
phism. In particular, if a coefficient fg'^ given in (|6.4.ip is nonzero, then B ~< A. 

Proof. Since V(oo, r) is spanned by Moo by 16.51 it is enough to prove that its image 7r(A/"oo) = Moo 
is linearly independent. Fix n ^ 1. By 15.21 for A G H =t ([— n, n]), we have, for any j G N [ 1] , 
(A+) fc i f (A-) = ^.j e (^) kAf (A") + ^j e ( A+ )k u f( A -). 

A6A(oo,r) u6A(0O,r) 



e v 



Hence, by 15.61 there exist /b^ G Q(f) such that 

e (A+) k j f (A-) = v X ^e^ x f^+ Yl f- 



A£A(oo,r) _BgS(oo,r) 



X€A([-n,n],r) AgA([ — n,n],r) B6E(oo,r) 

Vi.Aj^o-^A) Vi.A^o-^A) B^A 



_B,Am v 



Since, for every A G A([—n,n],r) with Aj Cj(.A) V«„ e^ + ^k>f^ ) = m^ +£) ^ where L> is a diagonal 
matrix whose zth entry is A, — o~i(A), it follows from 15.51 that the set {e^ + ^k A f ( A ) | A G A njr>iJ 4} is 
linearly independent. Hence. [5T3l implies that the set 

M n , A = {e^ A+ W A ^ | j G N hn, " 1 J jn = 0,(7(j) + <r(A) ^ r} = {e^k-'f | j G A^J 

is linearly independent for each A G S ± ([— n, n]). Note that 15.51 implies also that the union 
U J 4eH±(hn,n]){ e(A+)k A f {A ) I ^ 6 A^a} is linearly independent. Thus, A/" n = U AeH ±( [ _ n „])A/' ni A is 
linearly independent. Since A/"oo = Un>i-^"« an< ^ != M n +i, it follows that the set Moo is linearly 
independent. 

The last assertion follows from 15.61 and 15.51 □ 



With the above result we will identify V(oo,r) with V(oo,r). In particular we will identify h\ n 
with h\ n , ej with etc. For A G S ± (oo) and j G N°°, let 

n (Aj) :=e (A+) k i f (A-) < 

Corollary 6.7. T/ie set Moo = | ^4 G H ± (oo),j G N°°,cr(j) +17(74) ^ r} /orms a frasis for 

V(oo,r). Moreover, if j G N' - ™'"" 1 ] and j ^ A^ rj4 , £/ten we have, for some PB,y € ®(v)> 



5 (A+ )k j f (A-) = £ pBj/n 



(Bj') 



B6H±([-n,n-l]) 
B^Aj'gA' . 

Proof. Using (|6.5.ip and 16.41 the last assertion can be proved as the proof of [lOj 6.7]. □ 
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The basis Moo is the counterpart of the basis [10, 6.6(1)] for g-Schur algebras. The following is 
the counterpart of the basis given in [10s 6.6(2)]. 

Proposition 6.8. The set 

B OQ = {A(j,r) | A G S ± (oo), j G N°°, cr(j) + a(A) ^ r} 
forms a basis for V(oo, r). 

Proof. By f|5.5.2j) and an inductive argument on we see that there exist G Q(v) such that 



BGH±(oo) 



Hence, the assertion follows from [6 



□ 



We end this section with another application of the spanning set Mi'oo by displaying an integral 
monomial basis for the iJ-form of V(oo,r); cf. [12} 5.4]. 
Let V(oo,r) = £ r (U(oo)). We further put 

V + (oo,r) = £ r (U + (oo)), V - (oo,r) =&.(*/- (oo)) and F°(oo, r) = £ r (£/°(oo)). 

Lemma 6.9. (1) The set {e^ | A G H+(oo), a (A) ^ r} (resp.,{i^ | A G £ _ (oo)), a (A) ^ r}) 
forms a Z -basis of V + (oo,r) (resp., V~(oo,r). 

(2) The set := {k A | A G N°°,<t(A) < r} forms a Z-basis ofV°{oo,r). 

Proof Let A G H+(oo). If a (A) = J2i°i( A ) > r , then = £ AgA(o0jr) e(A)k A = bv IQ and PI 
By l2.3l we have V + (oo,r) is Z spanned by all with A G H + (oo) and o~(A) sj r. Now (1) follows 
from [53] For n > 1 we let 



o ._ 



n 



-n<isCn— 1 



k;;0 

Mi 



// G A([— n, n],r) 



n 



— n<i<n— 1 



k i; 
Mi 



/i G Nt~ n,n_1 ^ (r(//) < r 



We fix n ^ 1. For A, /i G A([— n, n],r) we write A ^ n /x if and only if Aj ^ /ij for — n ^ i ^ n — 1. If 
Aj < ^ for some — n ^ i ^ n — 1 then we write A < n [a. For A G A([— n, n], r) we have by I6.3( 2&:3) 



(6.9.1) 



n 



Hi 



h A,n+ E II 

-n^i<n— 1 L ' J /ieA([-n,n],r),A<„(i — n^i^n— 1 

Hence, the set is linearly independent and we have span^ ,A4„ = span 2 {liA,n|A € A([— n, n], r)}. 
Since .M„ C A^° +1 and .M^ = Un^i-^ni the set .M^ is linearly independent. It is clear that 
we have V^°(oo,r) = span2{h A) „,|A G A([— n, n], r), n ^ 1}. Hence, we have V°(oo,r) = span 2 M^,, 
proving (2). □ 

The proof above shows that every h An G V(oo, r). Hence, the set M.'^ is a subset of the Z-algebra 
V(oo,r). Thus. [6741 implies immediately the following. 

Corollary 6.10. The set M'^ is a spanning set of the Z-algebra V(oo,r). 

Proposition 6.11. The set 

Moo ■■= {e( A+ )k A f^ | A G -±(00), A G N°°,A ^ <r(A),<r(A) < r} 
forms a Z-basis for V(oo,r). 
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M n : 



,(A + ) 



,(A + ) 



n 



-n<i<rt— 1 



n 



-n<i<rt— 1 



k*;0 
Xi 

A; 



f iA )\A e E ± ([-n,n- 1]), A G A n , r , A 
f (A-)\A e E ± ([—n, n — 1]), A G N [ -"' n - 1] ,A > <x(A),a(A) < rj. 



Then, _M„ C M n +i, \M n \ = \M' n \ and = {j n ^xM n . Since, for A G S ± ([-n,n - 1]) and 

A G A([-ra,n],r) with A ^ cr(^), (jBlHj) implies 

(6.11.1) 



n 



-n<j<n— 1 



k i; 
A; 



(i6A([-n,n],r) — nSCj^n— 1 



Mi 
A; 



e (A+) h f (A") 



and \i > n A implies /i ^ (as o"j(A) = for i g" [— n, n — 1]), it follows that all e^^h^f ( A ) G 

A4 n and spang = spang Al'^. Consequently, spang A^oo = spang Af^, = V(oo,r) by 16.101 
On the other hand, the linear independence of A4' n implies that M n is also linearly independent. 
Hence Aioo is linearly independent. □ 

Corollary 6.12. (1) For any n ^ 1, i/ie transition matrix between the bases M' n and M n is upper 
triangular with 1 's on the diagonal. 

(2) Let A G H ± (oo) and A G N°° with a(\) < r. //Aj < <7i(A) for some i G Z then 



2 5B 



,e^ + )k,f^-) 



(5B !M G2,SGH ± (oo),^GN° 



S=^ A 
M^o-(A),(r(/i)^7' 



Proof. (1) follows from (|6.11.ip . We now prove (2). Choose n such that A G H =t ([— re, n — 1]) and 
A G N^™'™- 1 !. Then we have by flgXT]) 



e^ + )k A f( A ") 



e n 

;<6A([-n,n],r) «eZ 



e (A+) h f (A") 



Now the result follows from (|6.4.ip and (1). 



□ 



7. Infinite q-Schur algebras 

In this section, we will establish the isomorphism between U(oo,r) and V(oo,r) and discuss the 
relationship between U(oo,r) and the infinite g-Schur algebra <S(oo,r). We shall mainly work over 
the field Q(f) though results like 17.11 and 17.21 below continue to hold over Z. 

As in §2, let & r be the symmetric groups on r letters. For A G A(oo,r), let &\ be the Young 
subgroup of & r , and let ®\ be the set of distinguished right 6 A -coset representatives. Then, 
1D\ij, = D\ n J)^ 1 is the set of distinguished double (&\, © A1 )-coset representatives. Let 7i be the 
associated Hecke algebras over Q(v) with basis {T w := v e ^ w 'T w } we Q r , and let x\ = ^2 we6x T w . 

Recall from §2 the ?i-module fi® r . Clearly, there is an 7Y-module embedding i n : $l®^ nn ^ —* 
^® r n _i, n +i]> and { ( n >*n)}n;>i forms a direct system. 

Lemma 7.1. The 7i-module fi® r is the direct limit of TC-modules {(Q®^ n n yi n )} n ^i. Thus, 7i- 
module fi® r is isomorphic to the Ti-module (B\£A(oo,r) x \H- 
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Proof. By [13j 5.1], we know there is a ?i-module isomorphism a n : fi^_ r n n j — ► ©AeA([-n,n],r) 3; A'W 
and the following diagram are commutative. 

1 J AeA([-ii,n],r) 



1 ' a " +1 AeA([-n-l,n+l],r) 

where i n and are natural injections. Since fi® r is the direct limit of {^fl nri \}n^i and 
®\£h(po,r) x \H- i s the direct limit of {®\eA([-n,n],r) x xH-}n^i, the result follows. □ 
Proposition 7.2. We have the following algebra isomorphisms 

7C(oc,r)l Hom-HOV^XA?*) 

^£A(oo,r) AGA(oo,r) 

5(oo,r)^ [] Hom-K(x M ?i,XAW). 

fi£A(oD,r) AGA(co.r) 

In particular, the algebra 7C(oo,r) can &e regarded as a subalgebra (without the identity) of S(oo,r). 

Proof. It is known (see, e.g., [9]) that, for any n ^ 0, the g-Schur algebras /C([— n, n], r) is isomorphic 
to Horn?^(xA'H, Xf/H). Since /C(oo, r) is the direct limit of {7C([— n, n], r)} n j>i, the first 

A,/iSA([— n,n],r) 

assertion follows. By |7-H we have 

«S(oc,r)^ [] Hom«(x„«, x A W). 

//GA(oo,r) AeA(oo,r) 

Now, one checks easily that, for each fj, G A(oo,r), there is a natural isomorphism 
Rom n (x f.H^xH) = Uom^x^H, x\H), 

AGA(oo,r) AeA(oo,r) 

which induces the required algebra isomorphism. □ 

The isomorphism 9 can be made explicit. For A G A(oo,r), let 3^(A) be the Young diagram of A 
which is a collection of boxes, arranged in left justified rows with Aj boxes in row i for all i £ Z, 
and let t x be the A-tableau in which the numbers 1, 2 • • • , r appear in order from left to right down 
successive (non-empty) rows of Y(X). Let (i G Z) be the set of entries in the i-th row of i\ 
Clearly, ^ ^ if and only if A* > 0. Let 

(7.2.1) £(oo, r) = {(A, d, fi) | A, /x G A(oo, r), a! G X> A/ J. 

By [TSJ (1.3.10)], every element (X,d,fi) G 2)(oo, r) defines a matrix ^4 = (aij)ij e z G S(oo, r) such 
that ajj = l-R^ n dRj\. This defines a bijective map 

j : 2)(oo,r) — ► S(oo,r). 

Define, for any A,u£ A(oo,r) and w G 2)a,/u> a ma P 

(7-2.2) 4>\n '■ ©AGA(oo,r) 2; A^ — > ©AgA(oo,r)^A^ 

by setting (j)™^(x u h) = 8^ SaseSvw© h. Then, the set {</>a^ I O^s ^ A 4 ) 6 £>(oo, r)} forms a basis for 
©^eA(oo,r) ©AGA(oo,r) Hom- H (x / ,7i , x A ?i) . By [9, 1.4], the isomorphism is induced by j. In other 
words, if j(X,w,fi) = A, then 9{eA) = </>aV ^ n particular, by 15.11 we have 0(k A ) = (f>\\- 
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We now identify «S(oo,r) as n,ueA(oo,r) ©AeA(oo,r) Hom-«(x At ?i, x\H) under 9. Thus, the ele- 



ments of «S(oo, r) have the form I ^AeA(oo r) f*,v ) > wnere f\,n € Hom>^(x M ?i, x\H) for all 

V / /xeA(oo,r) 

A, /x G A(oo, r), which represents the map given by 

V AeA(oo,r) At£A(oo,r-) „ g A(oo,r) A, M eA(oo,r) 

where a„ G ©axa - ^- This identification allows us to regard the infinite g-Schur algebra «S(oo, r) 
as the f-completion of 7C(oo,r). 

Proposition 7.3. Let K. (oo,r) 6e t/ie completion algebra o//C(oo,r) constructed as in \l.l[ Then 
there is an algebra isomorphism 

qr :K,\oo,r)^US(oo,r), £ /? A [A] ^ ( ]T ^[aA 

AeS(oo,r) ^ co(A)= M / /xeA(oo,r) 

Proof. Clearly, q r is induced by the natural monomorphism ^ r : 7C(oo, r) — > S(oo, r) given in !7.2l □ 

By 11.11 there is another completion algebra /C(oo,r) which is a subalgebra of JC (oo,r) and 
which contains V(oo,r) as a subalgebras. Thus, restriction gives an algebra monomorphism <r r : 
V(oo,r) — » <S(oo,r). 

We are now ready to establish the isomorphism U(oo,r) — > V(oo,r). 

There is a similar basis {<^;L | A, /u €E A([— n,n],r), d G ^a^} for «S([— n,n],r) by |5], and 
[A] = v~ dA cpf^, where A = j(\,d,fj,), if we identify U([-n,n],r) with S([-n,n],r) (cf. [8, A.l]). 

Theorem 7.4. T/ie following diagram is commutative 

V(oo) — — — ► V(oo, r) 



U(oo) ► «S(oo,r) 

Cr 

Hence, we have an isomorphism U(oo,r) = V(oo,r). Moreover, the map Cr : U(oo) — > <S(oo,r) is 
not surjective for any r ^ 1 . 

Proof. Recall from I4TB1 that we may identify U(oo) with V(oo). Fix some i £ Z. For uj G ri® r 
we choose n ^ 1 such that — n ^ i < n and w G fi^,. Then Ei ■ uj = E^j_|_i(0, r)[_„ )Tl ] • u; 
by a result for g-Schur algebras. It is clear that we have £ , j i j + i(0, r)[_ n „] • a; = £ , j ) j + i(0, r)^ • u. 
Hence E{ ■ uj = £^+1(0, r)^ • u> for any u G fi^ r . Similarly, we have Fi • uj = £^+1^(0, r)oo • w and 
Ki-uj = 0(e 

25 ^)oo ' ^ for any G The first assertion follows. 

To see the last statement, it suffices to prove that the injective map c r : 7C(oo,r) — > <S(oo,r) is 
not surjective. Fix a A G A(oo,r). For any fi G A(oo,r), construct a matrix A^ G S(oo, r) such 
that ro(A fl ) = A and co(A^) = fj,. Clearly, the element ([A jU ]) Ate ^' 00)r ) belongs to <S(oo,r), but not 

in /C(oo, r). □ 

With the above result, we will identify U(oo, r) with V(oo, r). Thus, the algebra homomorphism 
Cr : U(oo) — > 5(oo, r) sends Ei,Ki,Fi to ej,kj,fj, respectively. Now, by applying £ r to the graded 
components in (|2.1.2p , 15.41 implies immediately the following. 
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Corollary 7.5. Let A G A(oo,r) and u',u" G ZII(oo). If t' G U(oo)„/ and t" G U(oo)^» ; then 
Cr(f)[diag(A)] 

and 

[diag(A)]Cr(0 = 



[diag(A + v')]( r (t') if A + v' G A(oo, r); 
otherwise, 



Cr(£")[oIiag(A - j/')] if A - i/' G A(oo,r); 
otherwise. 



8. Modified quantum gl^ and related algebras 

The interpretation of the infinite g-Schur algebra <S(oo,r) as the f-completion K. (oo,r) of 
/C(oo,r) suggests us to introduce the t-completion /C^(oo) of the algebra /C(oo) which con- 
tains /C(oo), and hence U(oo), as a subalgebra. Thus, it is natural to expect that the map 

Cr '■ U(oo) —s- <S(oo, r) given in (|2.3.ip may be extended to an epimorphism from JC (oo) to S(oo, r). 
In this section, we will establish this epimorphism through an investigation of the epimorphism 
Cr : K(oo) —s- /C(oo,r) induced by £ r via the modified quantum group U(oo) of U(oo) (see [24l 
23.1]). 

Recall from Theorem 14.31 that U(oo) has a basis {^4(j)} J 4j. Thus, for any A, fj, G Z , there is a 
linear map from U(oo) to /C(oo) sending u to [diag(A)]u[diag(/x)]. Let 

A K M = ( Ri ~ ^ j )U(oo) + Y, U(oo)(# j - v^) and A UH„ := U(oo)/ A K^. 

jGZ 00 jGZ°° 



Since [diag(A)]AK At [diag(/x)] = 0, this map induces a linear map aU(oo) — > /C(oo) sending 7Ta m («) 

to [diag(A)]n[diag(/i)], where 7^ : U(oo) — > aU(oo) is the canonical projection. Thus, we obtain 
a linear map 

/:U(oo):= xTjJooj^ — > /C(oo). 

We will introduce a multiplication in U(oo) and prove that / is an algebra isomorphism. We need 
some preparation. 

Lemma 8.1. Let A G 2^(00) and A,/i G Z°°. If X — fi 7^ ro(A) — co(A), then we have 7TA^(^4(j)) = 
for any j G Z°° . 

Proof. Since \i — co(A) 7^ A — ro(A), there exist j' G Z°° such that j' • (fj, — co{A)) 7^ j' • (A — ro(A)). 
By (|4.2.ip we have for any j G Z 

(v j'. (At - C o(A)) _ ,/-(A-ro(A)) )j4(j) = w -j'-ro(A) ( ^j' _ ^A-j'^Q) _ V ~^A) j' _ ^J'). 

The assertion follows. □ 
Recall the algebra grading of U(oo) = ©y 6 zn(oo) U(oo)j, given in (|2.1.2|) . 

Lemma 8.2. For A, E Z°° and z/ G ZII(oo). If v ^ \ — [i then we have ■k\^ 1 (\]{oo) 1/ ) = 0. Hence, 
aU(oo)^ = tta m (U(oo)a-^). 

Proo/. Let f G U(oo) y . Since KH = v v HK' i for j G Z°°, we have v^wx^t) = ttx^(KH) = 
nx^y-HRi) = v^' 3+v ' 3 -Kx^{t) for all j G Z°°. Since u ^ X — fi there exist j G Z°° such that 
v ■ j / (A - /i) • j. Hence vr AM (t) = 0. □ 
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For any A', //, A", n" G Z°° with A'—//, A"—//' G ZIT(oo) and any t G U(cxd)v_ a1 /, s G U(oo)v/_ m //, 
define the product in U(oo) 

7TAV'0 S )> if// = A" 
otherwise. 

Using E2] one can easily check the above product defines an associative Q(t>)-algebra structure on 
U(oo). 

Theorem 8.3. The linear map f : U(oo) — > /C(oo) sending ttx^(u) to [diag(A)]u[diag(^)] for all 
u G U(oo) and A,/j £ Z , is an algebra isomorphism. 

Proof. Since, for any A G H^oo), j G Z°° and A, [i G Z°° with A — \i = ro{A) — co(A), we have 
(8.3.1) [diag(A)]A(j)[diag(//)] = v (*-r°M>i [A+d[ag(X-ro(A))\ = v^- coi ~ A ^[A+dmg(ii-co{A))}, 
it follows that [A] = [diag(ro(A))]^ ± (0)[diag(co(,4))] for all A G H(oo), and so 

/C(oo)= [diag(A)]U(oo)[diag(/x)]. 

So / is surjective. Suppose now £ a „7t Am (?z) G ker(/), where u = EAe3±(oo) /5 Aj ^(j) with (3 A G 
Q(u). Then, [diag(A)]it[diag(/z)] = for all A,//. Let 

^ = E PaAW- 

A — /i— ro(A) — co(A) 

By 18. II we have vr AAt (n) = 7r AM (u A/ J. On the other hand, (|8.3.ip implies 

= [diag(A)]n v [diag(/,)] = E ( J] v^°^P A , I [A + diag(A) - ro(A)}. 

A6H±(oo) \jGZ°° / 

X — fj,—ro(A) — co(A) 

Hence, Ej G z°° w (A ~ ro(A)) ' j A 4ij = for any A G -±(00) with A - fj, = ro(A) - co(A). By (IQdJ) we 
obtain 

E /wkj)- E ^ (A - ro{A)) - j /? AJ ^(o) 

A — /j— ro(A) — co (A) X— fj,=ro(A)— co(A) 

(Ki- v x -i)v-i r °W[3 A .A(0) G A K M . 

AeH±(oo),jez°° 

A — /i — ro(A) — co (A) 

Hence vt Am (u) = tt\^(u\^) = for all A, £t. So / is injective. 

We now prove / is an algebra homomorphism. Let U\,U2 G U(oo) and A', n' , A", /j," G Z°°. If 
fi' ^ X" or X'-fi'^ Zn(oo) or A" - //' Zn(oo) then by definition and EH 

f(Trx'ii'(ui)nx"(i"(u2)) = = /(7r A '^(«i))/(7r A « (U //(M 2 )). 
It remains to prove the case when // = A", X' — fjf G ZII(oo) and A" — fj," G Zn(oo). By [821 we niay 
assume u\ G U(oo) A /_ M / and U2 G U(oo)^//_^//. Observe that, for u = ^K^F^ A > G U(oo) A _ /1 , 
where A,/u G Z°° with A-/i £ ZII(oo), since A — /i = Yli^h<j( a ij ~ a ji) a h, it follows from I4.ll that 

[diag(A)]w[diag(//)] = [diag(A)][diag( / u + E ( a «? ~ aji)a fc )]u = [diag(A)]u. 



26 JIE DU AND QIANG FU 

Hence, by 12.31 [diag(A)]u'[diag(/i)] = [diag(A)]u' for any v! G U(oo)>_ M . Thus, if fx' = A", then 

/(7TA',Ae'( u i)v.At"( u 2)) = f \' ^" (uiu 2 )) = [diag(A')]«i«2 [diag(//')] 

= ([diag(A')]n 1 [diag(^)])«2[diag(/i // )] 

= f(n\',n> («l))/(V,M" ( U 2))- 

as required. □ 

With the above result, we shall identify U(oo) with /C(oo). In particular, we shall identify ttx^u) 
with [diag(A)]u[diag(/i)j for u G U(oo) and A, \i G Z°°. 

Since both algebras 7C(oo) = U(oo) and V(oo) = U(oo) are subalgebras of /C(oo), the defi- 
nition of V(oo) implies that the algebra /C(oo) is a U(oo)-bimodule with an action induced by 
multiplication. We now have the following interpretation of this bimodule structure. 

Corollary 8.4. The algebra U(oo) acts on U(oo) by the following rules: 

t'^\n{s)t" = 1Tx + u>, f i-v"(t'st") 

for all t' G U(oo)(z/), t" G U(oo)(z/') and s G U(oo), w/iere A,/i G Z°° and i/, i/' G ZIT(oo). 

Proo/. By O and |U we have i[diag(A)] = [diag(A + and [diag(A)]t = t[diag(A - v)] for 
i G 11(00)^. Hence we have t'Tr Xfl (s)t" = i'[diag(A)]s[diag(//)]t" = [diag(A + v')]t'st" [di&gfa + v")} = 

^\+v'^-u"{t'st"). □ 

Similar to [25} 3.4], we define a map Cr from U(oo) to U(oo,r) as follows. 
Theorem 8.5. The map Q r : U(oo) — > U(oo, r) defined by 



[diag(A)]Cr(«)[diag(>)] if A,^GA(oo,r) 
otherwise 



/or u G U(oo) and X, fi G Z°° is an algebra homomorphism. 

Proof. We first prove that ( r is well-defined. Assume vr^ M (u) = where u G U(co) and A,/J E 
A(oo,r). By the definition of aU(oo)^ we can write 

where u'^u'f G U(oo). ByEJwe have [diag(A)](ki - u A j ) = = (fci - ^[diagO)] for j G Z°°. It 

follows that [diag(A)]£ r (ti)[diag(^)] = 0. Hence C, T is well defined. 

For convenience, we let [diag(A)] = G U(oo,r) for A g" A(oo,r). Let t G U(oo)(A' — //) and 
s G U(oo)(A" - n") where A', //, A", //' G Z°° such that A' - //, A" - // G Zn(oo). If // / A" then 
by the definition of ( r we have Cr{^x' ^'{t)^x" /*"( s )) = = Cr(^AV'(^))Cr(^A"^"( ,s ))- Now we assume 
// = A". Then by [73] we have Cr(7r A v(*))Cr(v^'( s )) = [diag(A , )]Cr(t)[diag(/i')]Cr(s)[diag(/x")] = 
[diag(A')]Cr(t)Cr(s)[diag(/x")] = [diag(A')]Cr(^)[diag(/i")] = Cr(w( ts )) = Cr(w(<)w( a ))- 
The result follows. □ 

Proposition 8.6. The map Q r satisfies the following property: 

( r (uiU 2 U 3 ) = (r(ui)( r (u 2 )( r (u 3 ) 

where ui,u 3 G U(oo) and u 2 G U(oo). 
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Proof. We assume u' G U(oo)(z/'), u" G XJ(oo)(v") and u G U(oo)(A — /i) where u',u",X — fj, G 
Zn(oo) and A,/iGZ°°. By El we have 



t r (u')( r (u)( r (u")[dmg(fji - v")} if M - i/" G A(oo,r); 
otherwise. 



Cr([A}) 



Hence byESwe have C r (u')Cr(^\^(u))C r {u") = ( r (u')( r (u)[dia,g(n)]( r (u") = ( r (u'ir Xtl (u)u"). □ 

Proposition 8.7. Let A G S(oo). Then we have 

'[A] if A £ 5(oo,r); 
otherwise. 

In particular we have C r (/C(oo)) = C r (U(oo)) = 7C(oo,r). 

Proof. Let A = ro(A) and /i = co(A). If either A A(oo,r) or /x A(oo,r), then we have 
C r (L4]) = Cr([diag(A)]^4 ± (0)[diag(/i)]) = 0. Now we assume A,/j G A(oo,r). Then we have 

C r ([A])=C r ([diag(A)]A ± (0)[diag( M )]) 
= [diag(A)]C,(A ± (0))[diag( / u)] 
= [diag(A)]^ ± (0,r)[diag(/i)] 

= [[A\ ifA£S(oo,r); 
1 otherwise. 

The result follows. □ 

Remark 8.8. The natural linear map from 7C(oo, r) to /C(oo) by sending [A] to [A] for ^4 G H(oo, r) 
is not algebra homomorphism. For example, in the algebra 7C(oo,r) we have [E12] " [-^2,1] = [^1,1] • 
However we have [^1,2] • [-^2,1] = [-^1,1] + [A], where A = (? _i) in the algebra K(oo). 

By 11.11 we may construct the completion algebra k} (00) of /C(oo) such that 7C(oo) becomes an 
subalgebra of K. (00). 

Theorem 8.9. There is an algebra epimorphism C, r from K. (00) to <S(oo,r) 6y sending 
Sa£3(oo) ^[^1 to EAes(oo,r)^[^]- ^oreouer we /icwe C r (7C(oo)) = /C(oo,r) and C r | u(oo ) = Cr- 

Proof. By 18.71 there is an algebra homomorphism Cr from /C (00) to «S(oo,r) by sending 
^Aesioo)^^ to EAeH(oo) A^Q^]) = EAeaCocr)^^]- It is clear we have C r (7C(oo)) = 
/C(oo,r). By 17.21 the map is surjective. By 14.31 and 18.71 we have ( r (A(j)) = A(j,r) = ( r (A(j)) for 
A G H ± (oo) and j G Z°°. Hence we have Crlu(oo) = Cr- D 

Remark 8.10. By [TJ 3.10] there is an antiautomorphism r r on /C(oo,r) defined by r r ([j4]) = [A T ] 
for A G H(oo,r). This induces, by 13.41 an antiautomorphism r on /C(oo) defined by r([ J 4]) = [A T ] 

for A G S(oo). Hence, we have +£(00) (/C f (oo)) op and ^(00, r) = (/C f (oo, r))°P. 

9. Highest weight representations of U(oo) 

In the rest of the paper, we will discuss the representation theory of U(oo). Unlike the case of 
quantum gl n , there are two types of representations for U(oo). The first type consists of highest 
weight representations, while the second type consists of 'polynomial' representations arising from 
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representations of infinite g-Schur algebras. In this section, we first discuss the highest weight 
representations of U(oo), following the approach used in [24] . 
Let 

X(oo) = {A = (Aj)j e z | Aj G Z}, and 

(9 1) 

y ' ' ' X + (oo) = {A G X(oo) | Aj > Ai+i, V» G Z} 

be the sets of weights and dominant weights, respectively. Both Z°° and N°° are subsets of X(oo). 
Recall from (j4T03l) that, for i G Z, e* = (•••, 0, 1, •••) G Z°° and oa = - e i+1 G Z°°. Let 

i 

n(oo) = {oii | z G Z}. We introduce a partial ordering ^ wt on X(oo) by setting u^ wt A if A — u G 
Z + II(oo). For a = Yliez ^i a i 6 ZII(oo) the number ht(a) := Xliez ^* ^ s caue d the height of a. 

We first discuss the 'standard' representation theory of U(oo) which covers the category C of 
weight modules, the categorjQ C m *of integrable weight modules, the category C hl and the category 
O. All these categories are full subcategories of the category U(oo)-Mod of U(oo)-modules. 

Let M be a U(oo)-module. For A G X(oo), let M\ = {x G M \ K { x = v^x for % G Z}. If 
^ 0, then A is called a weight of M, M\ is called a weight space and a nonzero vector in M\ is 
called a weight vector of M. Let wt(M) = {A G X(oo) \ M\ ^ 0} denote the set of weights of M. 
It is clear we have the following lemma. 

Lemma 9.1. Let M be a U(oo) -module. Then EiM\ C M A+Ql and FiM\ C M\— ai for i G Z. 

A U(oo)-module M is called a weight module, if M = ©AeA'(oo) j ^A- Let C denote the full 
subcategory of U(oo)-Mod consisting of all weight modules. It is clear every submodule of a 
weight module and the quotient of a weight module are weight modules. Hence C is an abelian 
category. 

An object M G C is said to be integrable if, for any x G M and any i G Z, there exist no ^ 1 
such that -E™x = i^x = for any n no- Let C mt be the full subcategory of C whose objects are 
integrable U(oo)-modules. 

Let C hl be the full subcategory of C whose objects are the U(oo)-module M with the following 
property: for any x G M there exist no ^ 1 such that u.x = where u is the monomial in the E^s 
and deg(u) ^ no- 

For A G X(oo) set (-co, A] = {n G X(oo) | /i^ wt A}. The category O is defined as follows. 
Its objects are U(oo)-modules M which are weight modules with finite dimensional weight spaces 
and such that there exists a finite number of elements X^ 1 ', • • • , A^ G X(oo) such that wt(M) C 
U =1 (-oo,A«]. 

Proposition 9.2. The category O is a full subcategory of C h% . 

Proof Let M be a object of O. Then there exist A^(l ^ % < s) such that wt(M) C Ui=l( _ °°> 
Let x M / G Mfj,. Let n^ = max{ht(AW — u) j A^^ wt n, 1 < i < s}. We claim that if k > n M + 1, 
then for any ii, • • • , G Z we have u+ct^ +aj 2 + - • -+ai fc wt(M). Indeed, if there exists 1 ^ j ^ s 
such that /i + ajj + aj 2 + • • • + aj fc ^ A^', then ht(A^^ — fx) ^ k ^ n„ + 1, contrary to the definition 
of n M . Thus, for any k > n^+i and any ii, • • • , i k G Z, we have E 1 ^ • • • E^x^ G M M+a , ii+ ... +a , ifc = 0. 
Hence, M is a object of C hi . □ 

A U(oo)-module M is called a highest weight module with highest weight A G Af(oo) if there 
exists a nonzero vector xq G M\ such that E^xo = 0, KiXo = v Xt xo for alii G Z and U(oo)xo = M. 
The vector xo is called a highest weight vector. By a standard argument (see, e.g., [21]) we have 
the following lemma. 



This category is denoted as C' in [24] . 
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Lemma 9.3. Let M be a highest weight U(oo) -module with highest weight X. Then M = (J) M„ 

and dim Ma = 1. Moreover M contains a unique maximal submodule. 
For AGl(oo), let 

M(A) = U(oo)/(^U(oo)^ + ^U(oo)(ifi-i; Ai ))=U-(oo)l A , 

where 1a is the image of 1 in M(A). The module M(A) is called a Verma module. By the above 
lemma, we know that M(A) has a unique irreducible quotient module L(X). It is clear, for A G 
X(oo), the modules M(A) and L(A) are all in the category C hl and the category O. 
The next result classifies the irreducible modules in the categories C and O. 

Theorem 9.4. (1) The map A — > L(X) defines a bisection between X(po) and the set of isomorphism 
classes of irreducible U(oo) -modules in the category C h% . 

(2) The map A — > L(X) defines a bijection between X(oo) and the set of isomorphism classes of 
irreducible U(oo) -modules in the category O. 

Proof. Let M be a irreducible U(oo)-module in the category C . Choose a nonzero vector G M M 
for some \x G wt(M). Let 

no = max{deg(u) | there exists some monomial u in the E^s such that u.x^ ^ 0}. 

Since M G C hi , uq < oo. Let u be the monomial in the EiS such that deg(u) ^ uq and u.x^ ^ 0. 
Then u.x^ is a highest weight vector of M. Let A G AT(oo) be the weight of u.x^. Then there exists 
a surjective homomorphism from M(A) to M. Since L(X) is a unique irreducible quotient module 
of M(A) we have M = L(A), proving (1). The statement (2) follows from (1) and[OJ □ 

Corollary 9.5. An irreducible module L(X) in C hl is integrable if and only if X £ X + (oo). 

Proof. If A G X + (oo), then the module L(X) is a homomorphic image of the module M(A)//(A), 

where I(X) = Y, i& LT (oo)F 4 (A '~ Ai+1+1) 1a. Note that I{X) is a proper submodule of M(X). By [Ml 
3.5.3], M(A)/I(A) is integrable. Hence, L(X) is integrable. Conversely, let L(A) be a irreducible 
module in the category C , and assume that L(X) is integrable. Then, there exists xo G Ma, xo ^ 
and = for all i G Z. By [Ml (3.5.8)], A G X+(oo). □ 

Thus, using [921 we have the following classification theorem. 

Theorem 9.6. (1) The map X — > L(X) defines a bijection between X + (oo) and the set of isomor- 
phism classes of irreducible U(oo) -modules in the category C mt nC hl . 

(2) The map X — > L(X) defines a bijection between X + (oo) and the set of isomorphism classes 
of irreducible U (oo) -modules in the category C mt H O. 

The integrable module L(X) has actually structure similar to finite dimensional irreducible 
U([— n, n])-modules. Recall from [161 5.15] that, ifu G X + ([—n,n]), then the irreducible U([—n, n])- 
module L(p,) = U([— n, n])/I n (fj,) where 

I„(/i) = ( £ (U([-n,n])^ + U([-n,n])^^ +1+1 )+ £ U([-n, n])(^- -««)) . 
We want to prove that a similar isomorphism holds for U(oo). 

For any given A G X + (oo), let L(A) = M(A)//(A), and let A[_ n>n ^ = (Ai)_ n ^<- n G X + ([-n,n]). 
Let 7r ni A : U([— n,n]) — » L(Ar_ njn i) be the map sending u to uIa, where Ia is the image of 
Ia- Since I n (\- n ,n]) C ^n+l(^[-n-l,n+i]); there is a natural U([— n, n])-module homomorphism 
i<n,\ : L(\-n,n}) ~+ L {\-n-\,n+i\ ) h Y sending TT nt \(u) to 7r n+1]A ('u) for all u G U([-n,n]), which 
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is compatible with the inclusion U([— n,n]) U([— n — l,n + 1])- Thus, we obtain a direct 
system {L(X^ nn ])} n ^i whose direct limit lim L(A[_ ni „]) is naturally a U(oo)-module . Further, 

n 

since i nt x(ir n ,x0-)) = ^n+l,\0-) 0) the map i n ^\ is injective. So we may identify £(A[_„ jn ]) as a 
U([-n,n])-submodule of L(A[_ n _ 1)n+1] ). Hence lim L(A[_„ in] ) = |J n>1 L(A[_ n>n] ). 

n 

Theorem 9.7. We /iaue, for A G X + (oo), 

L(A) = limL(A[_ njn ]) = LAX). 

71 

Proof. Let W be a U(oo)-submodule of limL(A[_ nn ]). Since L(A[_ n n ]) is irreducible U([— n,n])- 

n 

module for n ^ 1 we have W n L(A[_ n „j) = or n L(Ar_ n>n i) = L(A[_ n _ n j). If there exist no ^ 1 
such that VFnL(A[_ n „]) / then WnL(X^ nn ]) / for n ^ no- Hence VFnL(A[_ n „]) = L(A[_ n „j) 
for n ^ riQ. It follows that 

W= U( WnL ( A h«,n]))= U = (W n L(X { _ nM )) = \J L(\ [ _ nM ) = limL(\ [ _ nM ). 
On the other hand, if H^nL(A[_ n n ]) = for n ^ 1 then W = 0. Hence lim L(A[_ n n j) is an irreducible 

n 

U(oo)-module. Let xo := 7ri^(l) G limL(A[_ n n ]). Then xo = 7r n) >(l) for any n ^ 1. Hence for 

n ^ 1 and 1 ^ i < n, 1 ^ j ^ n we have -EiXo = ir nj \{Ei) = and -fC/Xo = Tr ni \(Kj) = v Xi XQ. 
Hence limL(A[_ n n ]) is a irreducible highest weight module with highest weight A. It follows that 

n 

L(A) = limL(A[_ n n ]). For any n ^ 1 there is a natural U([— n, n])-module homomorphism /„ from 

n 

L(A[_ nn j) to L(A) by sending 7r n< \(u) to tZ for u G U([— n,n]). The maps f n (n ^ 1) induce a 
surjective U(oo) -homomorphism / from limL(A[_ n n ]) to L(A). Since lim L(A[_ n>n j) is irreducible 

U(oo)-module and Im(/) = L(X) ^ 0, f has to be an isomorphism. □ 

Remark 9.8. By [TTJ 4.4] and @J §6] we can use the PBW basis {A(0) | A G E~(oo)} of U~(oo) to 
define the canonical basis {c^ | A G H~(oo)} of U~(oo). For A G X + (oo) let x\ be the highest weight 
vector of L(X). By [23l 8.10] and 19.71 one can easily show that the set {cax\ \ A G H~(oo)}\{0} 
forms a Q(v) basis of L(X). 

Finally, it should be interesting to point out that there are not many finite dimensional weight 
U(oo)-modules. 

For n ^ 0, let J(n) be the two sided ideal of U(oo) generated by Ei, Fi, i G (— oo, — n) U [n, oo). 

Lemma 9.9. (1) For n ^ 0, we have J(n) = J(0). 

(2) Let M be a finite dimensional U(oo) -module in the category C. Then EiM = F{M = for 
allieZ and wt(M) C {A G X(oo) | A = fel}, where 1 = (• • • , 1, 1, • • • , 1, • • • ) G X (oo). 

Proof Since E n ,F n G J(n), by [24l e) we have K n - K~ l G J(n). Hence K 2 - K 2 +1 G 
J(n). By [27TT b) we have K 2 E n _\ = v~ 2 E n -\K 2 n and K 2 +1 E n -i = E n ^iK 2 +1 . Hence 
v- 2 E n ^K 2 n - E n _ x K 2 n+x = (K 2 - K 2 +l )E n G J(n). It follows that {v~ 2 - l)E n ^K 2 n = 
(v^En^K 2 - E n _iK 2 +l ) - E n _i(K 2 - K 2 +1 ) G J(n). Hence E n ^i G J(n). It is similar we 
can show F n ^i,E- n ,F~ n G J(n). Hence, we have J(n) = J(n — 1) for n ^ 1, and (1) follows. 
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Since M is finite dimensional weight module, we see that wt(M) is a finite set. Assume wt(M) = 
{A (i) | 1 ^ % ^ s). By EH for 1 ^ i ^ s there exist n» such that EjM x(l) = FjM x(l) = for 
j [— n^rij). Let no = max{nj j 1 ^ i ^ s}. then -EjM = F^M = for i [—no, no). Hence by 
(1) we have EiM = FiM = for all i G Z. Let A € wt(M) and xq be a nonzero vector in M\. By 
12. li fe) we have -K^o = v 2Xl ~ 2Xl+1 xq = 0. Hence, Aj = Aj + i for all i G Z, proving (2). □ 



Let C-F d be the category of finite dimensional weight U(oo)-module. Now by the above result we 
have the following classification of finite dimensional U(oo)-modules. 

Theorem 9.10. The modules L(kl) (k G Z) are all non-isomorphic finite dimensional irreducible 
XJ(oo)-module in the category C^ d and dim(L(A;l)) = 1. Moreover every finite dimensional U(oo)- 
module in the category C is complete reducible. 

10. REPRESENTATIONS OF «S(oo,r) 

In this section, we investigate the weight modules for S(oo, r) and classify those irreducible ones. 
Recall from §2 and §7 the basis {T w } w£ Q r for the Hecke algebra Ji and the basis {4>\a\ for the 
algebra /C(oo, r) given in (|7,2.2p . Recall also the various notations for the idempotents 

k A = [diag(A)] = 4>\ x , A G A(oo, r). 

Let 



(10.0.1) w = (tx7i)igz £ A(oo, r), where Wi 



if 1 ^ i ^ r; 
otherwise. 



We first observe the following which is clear from the definition of the t-completion K.\oo,r) 
and the identification <S(oo,r) = K-\oo,r) (see IT.3|) . 

Lemma 10.1. (1) Let A ;/ u G A(oo,r). Then <S(oo,r)k A = U(oo,r)k A = 7C(oo, r)k A; and 
oo, r)k^ — Hom7^(x^7^, x\YC) . 

(2) The Hecke algebra T-L is isomorphic to k ro «S(oo,r)k ro by sending T u to <f)^ w (u G & r )- 

(3) Let r\ be a consecutive segment ofTL. Then, whenever \r}\ ^ r , T~L is isomorphic to a (central- 
izer) subalgebra eS(r],r)e of S(r/,r) for some idempotent e. 

An «S(oo, r)-module M is called a weight module if M = ©AGA(oo,r)^A^- Clearly, HO.lf 1) im- 
plies that /C(oo,r) is a weight S(oo, r)-module. Let <S(oo,r)-mod be the category of weight 
<S(oo, r)-modules. Since all k A G /C(oo,r), we can define similarly the categories 7C(oo,r)-mod 
and U(oo, r)-mod. 

Proposition 10.2. (1) Up to category isomorphism, the categories /C(oo, r)-mod, U(oo,r)-mod 
and <S(oo,r)-mod are all the same. 

(2) The category «S(oo,r)-mod is a full subcategory of C. 

Proof. The statement (1) follows easily from part (1) of the lemma above. We now prove (2). Using 
the homomorphism £ r : U(oo) — > <S(oo,r), every <S(oo, r)-module M is a U(oo)-module. It suffices 
to prove that k A M = M\ for all A G A(oo, r). If x G M\, then 



Hence, M\ C k A M. Conversely, the inclusion k A Af A C M A follows from l5.lT 3). □ 
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Let n(oo, r) := S(oo, r)k w . If we identify 7i with the subalgebra k ro «S(oo, r)k ro of «S(oo, r) via the 
isomorphism given in fimm then fi(oo,r) = Hence, n(oo,r) is an (<S(oo, r),7i)- 

/^SA(oo,r) 

bimodule. 

Proposition 10.3. The evaluation map 

Ev.n(oc,r)^n% r , /-/(to 

defines an (S(oo, r),7i) -bimodule isomorphism. Moreover, we have 

H * End 5(oo , r) (^) End u(oo) (0® r )- 

Proof. Since the set {</>^ ro | /i € A(oo,r),d € forms a basis for fi(oo,r), and the set {<^ ro (7i) | 
/i G A(oo, r), <i G forms a basis for fi® r . So the assertion follows easily. □ 

For A G A(oo,r), let A* = (A') ie z G A(oo,r), where A- = #{j G Z|Aj ^ i} for i ^ 1 and 
A- = for i ^ 0. Let w\ be the unique element in %)\ \t such that w^&wx n 6 A t = {1}, and let 
= 4>\^T Wx y x t, where y A * = E we e A< {-v 2 )- [{w) T w . 
For any /x G A([— n, n],r), let 

(10.3.1) S fx = z^H, and W(oo, //) = 5(oo, r)z M 

be the Specht module of 7i and the W^eyi module of «S(oo,r), respectively. Note that, if /U G 
A([— n, n], r) and n ^ r, then tu G A([— re, n], r). So 

W([-n,n],n) := S([-n,n],r)z^ 

is well-defined. This is a Weyl module of S([— re, n], r). Since S([—n,n],r) is a finite dimensional 
semisimple algebra, by 4.6], W([—n,n],fi) is an irreducible S([— n, n], r)-module. Note that 
Zfi = k^z^. So [10JJ implies VK(cx),/i) = 5(00,?-)^^ = /C(oo, r)k M ^ = /C(oo,r)^ M . Hence, for any 
/i G A(oo,r), we obtain 

(10.3.2) W(oo,n) = (J W([-n,n],fj,) UmW([-n,n], fj,). 

Let A + (r) be the set of all partitions of r. We will regard A + (r) as the subset 

{A G A(oo,r) | Xi ^ A m Vi > 1,A* = OVi < 0} 

of A(oo, r). Define a map from A(oo, r) to A + (r) by sending A to A + where A + is the unique element 
in A + (r) obtained by reordering the parts of A. 

Proposition 10.4. (1) For [i G A(oo,r) we have 

AeA(oo,r) 

(2) Let fi G A(co,r). Then the module W(oo,fj,) is an irreducible «S(oo,r) -module. Moreover, we 
have W(oo,/x) = W(oo,/j, + ). 

Proof. The bimodule isomorphism Ev given in 110.31 induces S(oo, r)-module isomorphism 
Rom n (S", il® r ) - Rom u (S", n(oo, r)) - Hom(S", 0i w «). 

AGA(oo,r) 

Now 17.11 implies 

Hom„(^, flg r ) - lim Hom w (S", Op^). 
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Choose mo such that \x G A([— mo, mo], r) and let tq = max{r, mo}. Then, for any n ^ ro, we have, 
by [3 8.1,8.7], isomorphisms Hom-^S 7 ^, fi? r n n i) = W([— n, n],/x) which are compatible with the 
direct systems. Now, the first isomorphism in (1) is obtained by taking direct limits. 

The assertions in (2) follow easily from (|10.3.2|) (cf. 3.9]). □ 

For A,fi £ A(oo,r) we write /i ^ t A if fi + ^ wt A + . Note that /x + ^ wt A + is equivalent to the 
dominance order fi + < A + on partitions. 

We also recall the notation of Young tableaux. Suppose A G A(oo, r) and /z G A + (r). A //-tableau 
of type A is a /i-tableau with (possibly) repeated entries, where for each i, the number of entries i is 
equal to Aj. We denote the set of //-tableaux of type A by T(/z, A). For T G T(/i, A), we say that T is 
row-standard (resp., strictly rwo-standard) if the numbers are weakly increasing (resp., increasing) 
along each row of T. The column-standard and strictly column-standard tableaux can be defined 
similarly. A tableau T is semistandard if it is row-standard and strictly column-standard. Let 
7o(/i, A) denote the set of semistandard //-tableaux of type A. 

Proposition 10.5. Let A G A(oo,r) and \i G A + (r). We have W(co,/j)\ = Hom-^S^, x\H). 
Hence, dim W{oo, fj,)\ = #7o(/x, A) (® 8.7}). In particular, dimW(oo,/t) M = 1, and W(oo,fi)\ ^ 
implies A ^ t //. 

Proof. Let / G Hom^S^, x\H). Assume f(z^) = x\h\ where h\ G Ti. Then we have 



(kif)(z\h) = kif(z\h) = ki(x x h\h) = 




= Yl v Vi 4>l v {xxh\h) = v x *x x h x h = v x *f(z x h), 

v£A(oo,r) 

where i G Z and h G 7i. Hence, kj/ = v Xi f for i £Z. This means / G VF(oo,/i) A . By 110. 4f l). we 
obtain (W(oo, fj))\ = Rom H (S^, x\H). □ 

Though the double centralizer property in the Schur-Weyl duality is no longer true in the infinite 
case, the following decomposition for the tensor space fi® r continue to hold. 

Theorem 10.6. We have the following (S(oo,r),7i)-bimodule isomorphism 

MGA+(r) 

Hence, as a (left) S(oo,r) -module, ri® r is completely reducible. 

Proof. It is well-known that, for all n ^ r, there are n, n], r),?i)-bimodule isomorphisms 

«f4n]= ^([-n,n],/,)®^. 

AteA+(r) 

The require isomorphism is obtained by taking direct limits; cf. 17.11 and (|10.3.2p . □ 

Corollary 10.7. For each A G A(oo, r), the <S(oo,r) -module «S(oo,r)k A is completely reducible. 

Proof. Consider the <S(oo, r)-module homomorphism 

/ : «S(oo,r)k A — > «S(cx),r)k ro ^ fi® r , uk A ^ uk A (/> Aro Vu G «S(oo,r). 

Since / is induced from the surjective map </> Aro : Ti. — > x\7i, it follows that / is injective. Hence, 
<S(oo,r)k A is isomorphic to a submodule of fi^ r . Hence, the assertion follows from 110.61 □ 

We are now ready to classify irreducible objects in the category <S(oo, r)-mod. We first observe 
the following. 
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Theorem 10.8. (1) The map [i — ► W(oo,[a) defines a bijection between A + (r) and the set of 
isomorphism classes of irreducible S(oo,r) -modules in the category <S(oo, r)-mod. 
(2) Any module in <S(oo,r)-mod is completely reducible. 

Proof. Bv ll0.4l and ll0.51 the modules W(oo, fj) (fi G A + (r)) are irreducible objects in S(oo, r)-mod. 
Let M be an irreducible S(oo, r)-module in «S(oo, r)-mod. Let /i G wt(M) and xq is a nonzero 
vector in M^. Then we have a surjective homomorphism / from <S(oo,r) to M by sending u 
to nxo for it G «S(oo,r). By the proof of I1Q.2I T2) . we have xq = k^xo, and so /(<S(oo, r)k M ) = 
<S(oo, r)/(k M ) = <S(oo, r)k M xo = «5(oo,r)xo = M. Hence, M is a quotient module of «S(oo,r)k M . 
By 110.71 i s isomorphic to an irreducible component of <S(oo,r)k^, and hence, to an irreducible 
component of ri^ r . Now, 110.61 implies that M is isomorphic to W(oo,/z) for some ti G A + (r), 
proving (1). 

Let N be an arbitrary module in «S(oo, r)-mod. Let ^ x G iV. Since N G «S(oo, r)-mod, we 
have S(oo,r)x = K(oo,r)x is a quotient module of 7C(oo,r). But, by 110.1} 

7C(oo,r) = (J) /C(oo,r)k A = (J) «S(oo,r)k A . 

AeA(oo,r) AeA(oo,r) 

Hence. [10.71 implies that the «S(oo, r)-module /C(oo,r) is completely reducible, and so «S(oo,r)x is 
completely reducible. Consequently, N is completely reducible. □ 

Remark 10.9. Following the construction in [8], we can use the PBW type basis 

{[A)=v- d *4>{ fl | A = d, fi), (A, d, /i) G D(oo, r)} 

for 7C(oo, r) to define the canonical basis {0f u | (A, d, /i) G 3)(oo, r)} of /C(oo, r). By 5.3] one can 
easily show that, for each fi G A + (r), the set {O^z^ \ (X,d,v) G 3)(oo, r)}\{0} forms a Q(t>)-basis 
for W(oo, /i). This basis is called the canonical basis of W(oo,/j,). 

11. Polynomial representations of U(oo) 

We are now ready to classify all irreducible polynomials representations of U(oo). Let C po1 be the 
full subcategory of C consisting of weight U(oo)-modules M such that wt(M ) C N . We call the 
objects in C po1 polynomial representations. Let r be a positive integer and let C r be the category of 
U(oo, r)-modules which are weight U(oo)-modules via the homomorphism £ r : U(oo) — > U(oo,r). 

Proposition 11.1. (1) The category C r is a full subcategory of C po1 nC mt . 

(2) For each r G N, there is a surjective homomorphism from U(oo, r + 1) to U(oo, r) by sending 
the generators ej, f j, kj for U(oo, r + 1) to the generators ej, f j, kj for U(cx), r), respectively. Hence, 
C r is a full subcategory of C r +i . 

Proof. Let M be a U(oo, r)-module in the category C r . As a U(oo)-module, E^, Ki,Fi act on M as 
the action of ej,ki,fj, respectively. But, bv 15.41 we have e" = f f = for all n ^ r + 1. Hence, M 
is an integrable U(oo)-module. 

We now prove wt(M) C Z . Suppose this is not the case. Then there exists A G wt(M) and 
A Z . Thus, A has an infinite support. Choose r + 1 integers i\ < %i < ■ ■ ■ < i r+ \ such that 
0, • • • , Aj r+1 ^ and t G A(oo, r) such that t{ = 1 for i G • • • , v+i} and ti = for all 
other i. Let u\ be a nonzero vector in M\. Then 

+ (v x n - 1) • • • (t> A v+i - l)n A = n^ Al ;^]^A = IJt^i^N = n^^A^OuA = 0, 

i&L i&Z i&Z 

a contradiction. Hence, wt(M) C Z°°. On the other hand, by 16.11 again, we have [kjjr + lfu\ = 
(v Xi — 1) • • • (v Xi — v r )u\ = for i G Z, forcing ^ Aj ^ r for any i £ Z. Hence, A G N°°, proving 
(!)• 
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Let J r be the ideal of U(oo) generated by Iliezt-^' wnere * = {ti)ieZ £ A(oo,r + 1). By 16.61 
we have U(oo, r) is isomorphic to U(oo)/J r . Let t £ A(oo, r + 2). Choose io € Z such that ij > 0. 
Then riiez^i] 1 = (^o ~ ^^(Ui^Ki^if^K^U, " ^ G J r- Hence, J r+i C J n and (2) 
follows. □ 

Lemma 11.2. Let M be a irreducible U(oo) -module in the category C po1 . Then M £ U(oo,r)-mod 
for some r ^ 0. 

Proof. Let A £ wt(M) and «a be a nonzero vector in M\. Then M = U(oo)it,\ since M is irreducible. 
Hence, by 19. 11 we know cr(/x) = cr(A) for any fi £ wt(M). Let r = cr(A). Since wt(M) C N°° we have 
wt(M) C A(oo, r). Thus, for any t £ A(oo, r + 1), there exist io £ Z such that U > Aj ^ 0. Hence, 
[tAo;£ io ] ! = 0, and riieZp^i = Tligzl 17 ^' ^if u ^ = 0- This shows that M is a U(oo, r)-module 
(by E2D. Since M £ C, it follows that M £ U(oo, r)-mod. □ 

Theorem 11.3. (1) For r £ N the modules W(oo,/x) (/U £ A + (r'),r' ^ r) are aZZ non-isomorphic 
irreducible JJ(oo,r) -modules in the category C r . 

(2) The modules W(oo,//) (/i £ A + (r),r £ N) are all non-isomorphic irreducible U(oo) -modules 
in the category C po1 . Moreover, there is only one irreducible U(oo) -module, the trivial module L(0), 
in the category C po1 n C h% . 

Proof. By 110.4( 2) and I11.1T 2) we know W(oo,li), where fi £ A + (r') with r' ^ r, are irreducible 
U(oo, r)-modules in C r . On the other hand, let M be a irreducible U(oo, r)-module in the category 
C r . By lll.lf 1) and lll.2l we have M £ U(oo, r')-mod for some r' ^ 0. We claim that r' ^ r. Indeed, 
suppose the contrary r' > r. Then, for any A £ wt(M) C A(oo,r'), there exists fx £ A(oo,r + 1) 
such that \ii ^ \ for all % £ Z. Thus, for any nonzero vector xq in M\, 

Y[[Ki;fii\ [ x = J|[kj;/Xi] ! x = JJ[u Al ;/ii] ! xo / 

iez iez iez 

for i £ Z. However, since M is a U(oo, r)-module, the presentation of U(oo, r) implies 
Yl ie i[Ki; fiifxQ = 0, a contradiction. Hence, r' ^ r. Now 110.81 implies that there exists fi £ A + (r') 
such that M = W(oo,/x), proving (1). 

The first assertion in (2) follows from [T0T8l and Hi. 21 By lll.lt W(oo,fi) is integrable. Since 
wt(W(oo, /i)) C A(oo, r), by the classification of irreducible integral modules in C hl given in 19.61 we 
conclude W(oo,/i) £" C for any r ^ 1 and /U £ A(oo,r), proving the last assertion in (2). □ 

Remark 11.4. (1) Classification of irreducible integrable modules over a Kac-Moody algebra is 
an open problem (see |19} Ex. 10.23]). However, irreducible integrable U(oo, r)-modules can be 
classified for all r £ N. In fact, by the above result, the modules W(oo,/z) (/J, £ A + (r'),r' ^ r) are 
all irreducible integrable U(oo, r)-modules for any r £ N. 

It is clear that <S(oo,r) = n^eA(oo r) r )k^ as a «S(oo, r)-module. Hence, S(oo,r) £" C as 
a U(oo)-module. Since 5(cx>,r)k /J is a direct sum of finitely many irreducible <S(oo, r)-module in 
«S(oo, r)-mod, «S(oo,r) is the direct product of irreducible S(oo, r)-module in S(oo, r)-mod. 

(2) It would be interesting to make a comparison between the finite and infinite cases for quantum 
qI v . In the finite case, if we only consider finite dimensional representations, then the categories 
C hl and C mt are the same as the category C^ d , and contain S(n, r)-mod as a full subcategory of 
polynomial representations of degree r which more or less determine C ht and C mt . They are all 
completely reducible and the irreducible modules in these categories are all indexed by dominant 
weights. In the infinite case, the situation is completely different. For example, the categories 
Qhi p| Qint^ < 5( o,r)-mod and C^ d become three different categories. The complete reducibility 
continue to hold in the last two categories, but seems not true in the first category. The irreducible 
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modules in C n C are also indexed by dominant weights. Moreover, there are only a few 
irreducible objects in C^ d , and there is only one irreducible object in the category C po1 Pi C h% . 
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